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Abstract
We shall prove a new non-vanishing theorem for the stable cohomo-
topy Seiberg-Witten invariant [4, 5] of connected sums of 4-manifolds
with positive first Betti number. The non-vanishing theorem enables
us to find many new examples of 4-manifolds with non-trivial stable
cohomotopy Seiberg-Witten invariants and it also gives a partial, but
strong affirmative answer to a conjecture concerning non-vanishing of
the invariant. Various new applications of the non-vanishing theorem
are also given. For example, we shall introduce variants λk of Perel-
man’s λ invariants for real numbers k and compute the values for a
large class of 4-manifolds including connected sums of certain Ka¨hler
surfaces. The non-vanishing theorem is also used to construct the first
examples of 4-manifolds with non-zero simplicial volume and satisfying
the strict Gromov-Hitchin-Thorpe inequality, but admitting infinitely
many distinct smooth structures for which no compatible Einstein met-
ric exists. Moreover, we are able to prove a new result on the existence
of exotic smooth structures.
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1 Introduction and the main results
1.1 Bauer’s non-vanishing theorem
A new point of view in Seiberg-Witten theory [78] was introduced in [16].
Furuta [16] described the Seiberg-Witten monopole equations as an S1-
equivariant map between two Hilbert bundles on the b1(X)-dimensional Pi-
card torus Pic0(X) of a 4-manifold X. The Seiberg-Witten moduli space
can be seen as the quotient of the zero locus of the map by the action of S1.
The map is called the Seiberg-Witten map (or the monopole map), which is
denoted in the present article by
µ : A −→ C.
By introducing a new technique which is so called finite dimensional approx-
imation of the Seiberg-Witten map µ, the 10/8-theorem which gives a strong
constraint on the intersection form of spin 4-manifolds was proved in [16]. By
developing this idea, Bauer and Furuta [4] showed that the finite dimensional
approximation of the Seiberg-Witten map µ gives rise to an S1-equivariant
stable cohomotopy class and that the stable cohomotopy class is a differential
topological invariant of X. The invariant takes its value in a certain com-
plicated equivariant stable cohomotopy group πb
+
S1,B(Pic
0(X), indD), where
b+ := b+(X) denotes the dimension of the maximal positive definite linear
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subspace in the second cohomology of X and indD is the virtual index bun-
dle for the Dirac operators parametrized by Pic0(X). In this article, let us
call it stable cohomotopy Seiberg-Witten invariant and denote it by BFX :
BFX(ΓX) ∈ πb+S1,B(Pic0(X), indD),
where ΓX is a spin
c structure on X. As one of remarkable results, Bauer [5]
proved the following non-vanishing theorem of stable cohomotopy Seiberg-
Witten invariant:
Theorem 1 ([5]) Let X := #ni=1Xi be a connected sum of n ≥ 2 of almost
complex 4-manifolds Xi with b1(Xi) = 0. The stable cohomotopy Seiberg-
Witten invariants of X do not vanish if the following conditions are satisfied:
• Each summand Xi satisfies b+(Xi) ≡ 3 (mod 4).
• Each summand Xi satisfies SWXi(ΓXi) ≡ 1 (mod 2), where ΓXi is a
spinc structure compatible with the almost complex structure.
• If n ≥ 4, then n = 4 and b+(X) ≡ 4 (mod 8).
Since it is known that the integer valued Seiberg-Witten invariant SWX
introduced by Witten [78] vanishes for connected sums of any 4-manifolds
with b+ ≥ 1, this theorem tells us that BFX is strictly stronger than SWX .
Essential in computing the value of the invariant for connected sums was
Bauer’s gluing theorem, which states that the invariant of a connected sum
is just equal to the smash product of the invariants for each of the two pieces.
Theorem 1 naturally leads us to ask if a similar non-vanishing theorem
still holds in the case where b1(Xi) 6= 0. It turns out that this problem is ex-
tremely difficult. One of the reason for the difficulty is that the structure of
the S1-equivariant stable cohomotopy group πb
+
S1,B(Pic
0(X), indD) is quite
complicated. In the case where b1(Xi) = 0, the equivariant stable cohomo-
topy group is isomorphic to the non-equivariant stable cohomotopy group
of the complex projective space ([5]). In this direction, there are only two
works, which are due to Furuta-Kametani-Matsue-Minami [17] and Xu [79].
It was shown in [17] that, under a certain condition, there are closed spin 4-
manifolds with b1 = 4, b2 = 50, τ = −32 and non-trivial stable cohomotopy
Seiberg-Witten invariants, where τ is the signature of the manifolds. On
the other hand, Xu [79] could prove non-triviality of the stable cohomotopy
Seiberg-Witten invariant for the connected sum of type X#T 4, where X is
an almost complex 4-manifold with b1(X) = 0 and b
+(X) ≡ 3 (mod 4) or
4-dimensional torus T 4. Based on Theorem 1 and this result of Xu, it is so
natural to make the following conjecture as was already proposed in [79]:
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Conjecture 2 (Conjecture 24 in [79]) For i = 1, 2, 3, let Xi be
• a 4-torus T 4, or
• a closed oriented almost complex 4-manifold with b1(Xi) = 0,
b+(Xi) ≡ 3 (mod 4) and SWXi(ΓXi) ≡ 1 (mod 2), where ΓXi is a
spinc structure compatible with the almost complex structure.
Then the connected sum (#ℓi=1Xi)#T
4 has a non-trivial stable cohomotopy
Seiberg-Witten invariant, where ℓ = 2, 3.
To the best of our knowledge, this conjecture still remains open. How-
ever, in the present article, we shall prove that Conjecture 2 in the case
where ℓ = 2 is true. See Corollary 4 below.
1.2 The main results
The main purpose of the present article is divided into twofold. The first one
is to establish new non-vanishing theorems of stable cohomotopy Seiberg-
Witten invariant of connected sums of 4-manifolds Xi whose first Betti num-
ber b1(Xi) dose not necessarily vanish. See Theorem A, Theorem B and
Corollary 4 stated below. The second one is to give several applications of
Theorem A to both topology and differential geometry in dimension four.
See Theorems C, D, E and F below.
To state the first main theorems, let us introduce the following definition:
Definition 3 Let X be a closed oriented smooth 4-manifold with b+(X) >
1. Let ΓX be a spin
c structure on X. Let c1(LΓX ) be the first Chern class of
the complex line bundle LΓX associated with ΓX . Finally, let e1, e2, · · · , es
be a set of generators of H1(X,Z), where s = b1(X). Then, define
Sij(ΓX) :=
1
2
〈c1(LΓX ) ∪ ei ∪ ej , [X]〉 ,
where [X] is the fundamental class of Xi and 〈·, ·〉 is the pairing between
cohomology and homology.
Notice that the image of c1(LΓX ) under the natural map from H2(X,Z)
to H2(X,Z2) is equal to w2(X). This implies
〈c1(LΓX ) ∪ ei ∪ ej , [X]〉 ≡ 〈ei ∪ ej ∪ ei ∪ ej , [X]〉 ≡ 0 mod 2.
Hence the Sij(ΓX) are integers.
The first main theorem of this article can be stated as follows:
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Theorem A For m = 1, 2, 3, let Xm be a closed oriented almost complex
4-manifold with b+(Xm) > 1 and satisfying
b+(Xm)− b1(Xm) ≡ 3 (mod 4). (1)
Let ΓXm be a spin
c structure on Xm which is induced by the almost complex
structure and assume that SWXm(ΓXm) ≡ 1 (mod 2). Under Definition 3,
moreover assume that the following condition holds for each m:
Sij(ΓXm) ≡ 0 (mod 2) for all i, j. (2)
Then the connected sum #nm=1Xm has a non-trivial stable cohomotopy
Seiberg-Witten invariant, where n = 2, 3.
Suppose now that b1(Xm) = 0 holds. Then the condition (1) is nothing
but b+(Xm) ≡ 3 (mod 4), and moreover the condition (2) holds trivially by
the very definition. Hence, we are able to recover the non-vanishing theorem
of Bauer in the case where #nm=1Xm and n = 2, 3. In this sense, Theorem
A can be seen as a natural generalization of Theorem 1 except the case
n = 4. Let us here emphasize that the strategy of the proof of Theorem
A is different from that of Bauer’s proof of Theorem 1. In [67], the second
author introduced a new differential topological invariant extracted from the
finite dimensional approximation of the Seiberg-Witten map. In this article,
we shall call the new invariant spin cobordism Seiberg-Witten invariant and
denote it by SW spinX . The spin cobordism Seiberg-Witten invariant takes its
value in the spin cobordism group:
SW spinX (ΓX) ∈ Ωspind ,
where d is the dimension of the Seiberg-Witten monopole moduli space
associated with the spinc structure ΓX . This invariant plays a crucial role
in the course of the proof of Theorem A. Indeed, we shall prove that the
connected sums #nm=1Xm in Theorem A have non-trivial spin cobordism
Seiberg-Witten invariants. By showing that the non-triviality of SW spinX
implies the non-triviality of BFX , we shall prove Theorem A. This is totally
different from the previous works of Bauer [5] and Xu [79].
In particular, Theorem A implies
Theorem B For m = 1, 2, 3, let Xm be
• a closed oriented almost complex 4-manifold with b1(Xm) = 0,
b+(Xm) ≡ 3 (mod 4) and SWXm(ΓXm) ≡ 1 (mod 2), where ΓXm
is a spinc structure compatible with the almost complex structure, or
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• a closed oriented almost complex 4-manifold with b+(Xm) > 1,
c1(Xm) ≡ 0 (mod 4) (i.e. the image of c1(Xm) under H2(Xm,Z) →
H2(Xm,Z4) is trivial) and SWXm(ΓXm) ≡ 1 (mod 2), where ΓXm is
a spinc structure compatible with the almost complex structure.
Then a connected sum #nm=1Xm, where n = 2, 3, has a non-trivial stable
cohomotopy Seiberg-Witten invariant.
The construction of Gompf [23] provides us examples of the first case
in this theorem. In fact, there are infinitely many examples satisfying such
properties. On the other hand, we shall prove that products Σg × Σh of
oriented closed surfaces of odd genus g, h ≥ 1 and primary Kodaira sur-
faces are non-trivial examples of the second case in Theorem B. A pri-
mary Kodaira surface is a compact complex surface X with b+(X) = 2 and
b1(X) = 3, which admits a holomorphic locally trivial fibration over an el-
liptic curve with an elliptic curve as typical fiber (cf. [3, 33, 76, 14, 21]).
This is a non-Ka¨hler, symplectic, spin complex surface. Theorem B provides
us new examples of 4-manifolds with non-trivial stable cohomotopy Seiberg-
Witten invariants. For example, by considering a 3-fold connected sum of
primary Kodaira surface with itself, we are able to obtain the first example of
non-symplectic, spin 4-manifold with odd first Betti number and non-trivial
stable cohomotopy Seiberg-Witten invariants. Moreover, by considering a
product Σ1 × Σ1 of oriented closed surfaces of genus one, we particularly
obtain the following corollary of Theorem B:
Corollary 4 Conjecture 2 in the case where ℓ = 2 is true.
We are able to give various new applications of these non-vanishing
theorems to both differential topology and differential geometry of con-
nected sums of 4-manifolds as follows. Taubes’s non-vanishing theorem [74]
for Seiberg-Witten invariants of symplectic 4-manifolds implies that closed
symplectic 4-manifolds X has no decompositions of the form Y1#Y2 with
b+(Y1) > 0, b
+(Y2) > 0. It is natural to ask whether connected sums
#nm=1Xm of symplectic 4-manifolds Xm have no decompositions of the form
#Nm=1Ym with b
+(Ym) > 0, N > n. However, there are counter examples of
this question. In fact, it is known that connected sums X#CP2 of any sim-
ply connected, elliptic surfaces X and CP2 is diffeomorphic to pCP2#qCP
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for some p, q ≥ 0. (See [55].) This fact gives us infinitely many counter
examples of the question. However, Theorem B implies that if Xm satisfies
the topological condition c1(Xm) ≡ 0(mod4) and if n ≤ 3 then #nm=1Xm
has no such decompositions as follows:
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Theorem C Let Xm be closed symplectic 4-manifolds with c1(Xm) ≡
0 (mod 4) for m = 1, 2, 3, and X be a connected sum #nm=1Xm, where
n = 2, 3. Then X can not be written as a connected sum #Nm=1Ym with
b+(Ym) > 0 and with N > n.
The next application concerns exotic smooth structures on some con-
nected sums of 4-manifolds. We are able to deduce from Taubes’s theorem
[74] that all simply connected, non-spin symplectic 4-manifolds X have ex-
otic smooth structures. We shall prove that if b+(X) ≡ 3 mod 4 then con-
nected sums X#X ′ also have exotic smooth structures for some X ′ by using
Theorem A:
Theorem D Let X be any closed, simply connected, non-spin, symplectic
4-manifold with b+ ≡ 3 (mod 4). For m = 1, 2, let Xm be almost com-
plex 4-manifolds satisfying the conditions in Theorem A, Then for n = 1, 2
connected sums X#
(
#nm=1Xm
)
always admit at least one exotic smooth
structure.
On the other hand, as was already studied by LeBrun with the first au-
thor [27, 28], the non-vanishing theorem like Theorem A has various powerful
differential geometric applications. For example, all the major results in [28]
on the connected sum of three 4-manifolds with b1 = 0 can be generalized to
the case of b1 > 0 by virtue of Theorem A. By combining Theorem A with
the technique developed in [28], we are able to prove some new interesting
results, i.e., Theorems E and F below.
In his celebrated work [63, 64, 65] on Ricci flow, Perelman introduced a
functional which is so called F-functional and also introduced an invariant
of any closed manifold with arbitrary dimension, which is called λ¯ invariant.
The λ¯ invariant is arisen naturally from the F-functional. For 3-manifolds
which dose not admit positive scalar curvature metrics, Perelman computed
its value. See Section 8 in [64]. Recently, Li [48] introduces a family of
functionals of the type of F-functional with monotonicity property under
Ricci flow (see also [61, 10, 11, 49]). Inspired by these works of Perelman
and Li, we shall introduce, for any real number k ∈ R, an invariant λ¯k of
any closed manifold with arbitrary dimension. We shall call it λ¯k invariant.
In particular, λ¯k invariant includes Perelman’s λ¯ invariant as a special case.
Indeed, λ¯1 = λ¯ holds. In dimension 4, we are able to prove the following
result by using Theorem A:
Theorem E Let Xm be as in Theorem A and assume moreover that Xm
is a minimal Ka¨hler surface. Let N be a closed oriented smooth 4-manifold
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with b+(N) = 0 with a Riemannian metric of non-negative scalar curvature.
Then, for n = 2, 3 and any real number k ≥ 23 , λ¯k invariant of a connected
sum M := (#nm=1Xm)#N is given by
λ¯k(M) = −4kπ
√√√√2 n∑
m=1
c21(Xm).
Here notice that minimality of Xm forces that c
2
1(Xm) = 2χ(Xm) +
3τ(Xm) ≥ 0, where χ(Xm) and τ(Xm) denote respectively Euler charac-
teristic and signature of Xm.
On the other hand, to state one more interesting application of Theorem
A, we need to recall the definition of Einstein metrics. Recall that any
Riemannian metric X is called Einstein if its Ricci curvature, considered
as a function on the unit tangent bundle, is constant. Not every closed
manifolds can admit Einstein metrics. In fact, it is known that any closed
Einstein 4-manifold X must satisfy
2χ(X) ≥ 3|τ(X)|. (3)
This inequality is called the Hitchin-Thorpe inequality [25, 75]. In par-
ticular, Hitchin [25] investigates the boundary case of the inequality and
describes what happens in the case. Indeed, Hitchin proved that any closed
oriented Einstein 4-manifold satisfying 2χ(X) = 3|τ(X)| is finitely covered
by either K3 surface or the 4-torus. Hence, almost all of 4-manifolds sat-
isfying 2χ(X) = 3|τ(X)| cannot admit any Einstein metric. We shall call
2χ(X) > 3|τ(X)| the strict Hitchin-Thorpe inequality. By using the original
Seiberg-Witten invariant SWX , LeBrun [42] constructed the first example of
simply connected closed 4-manifold without Einstein metric, but nonetheless
satisfies strict Hitchin-Thorpe inequality. On the other hand, in non-simply
connected case, Gromov [24] constructed the first example of non-simply
connected 4-manifold satisfying the same properties. To give such exam-
ples, Gromov [24] proved a new obstruction to the existence of Einstein
metric by using the simplicial volume. More precisely, Gromov proved that
any closed Einstein 4-manifold X must satisfy
χ(X) ≥ 1
2592π2
||X||, (4)
where ||X|| is the simplicial volume of X. Here, we notice that any simply
connected manifold has vanishing simplicial volume. It is also known that
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there is an inequality which interpolates between (3) and (4). In this article,
we shall call it the Gromov-Hitchin-Thorpe inequality [34]:
2χ(X) − 3|τ(X)| ≥ 1
81π2
||X||. (5)
The strict case is called the strict Gromov-Hitchin-Thorpe inequality. To
the best of our knowledge, the following problem still remains open:
Problem 5 Does there exist a closed topological spin or non-spin 4-
manifold X satisfying the following three properties?
• X has non-trivial simplicial volume, i.e., ||X|| 6= 0.
• X satisfies the strict Gromov-Hitchin-Thorpe inequality.
• X admits infinitely many distinct smooth structures for which no com-
patible Einstein metric exists.
In the case where X is simply connected, i.e., ||X|| = 0, this problem was
already solved affirmatively. In particular, Problem 5 can be seen as a
natural generalization of Question 3 considered in [27]. See also Introduction
of [27]. As a nice application of Theorem A, we are able to give an affirmative
answer to Problem 5 as follows:
Theorem F There exist infinitely many closed topological 4-manifolds and
each of these 4-manifolds satisfies three properties in Problem 5.
We shall prove this theorem by constructing both spin and non-spin exam-
ples. To the best of our knowledge, this result provides us the first example
with such properties (see also Remark 73 in subsection 4.6 below). At least,
the present authors do not know how to prove Theorem F without Theo-
rem A. To prove Theorem F, we shall also prove a new obstruction to the
existence of Einstein metrics by using Theorem A. See Theorem I stated in
subsection 4.6 below.
The organization of this article is as follows. In Section 2, we shall
discuss differential topological invariants arising from finite dimension ap-
proximations of the Seiberg-Witten map µ. In particular, in subsections
2.3 and 2.4, we shall recall the detail of the construction of SW spinX for the
reader who is unfamiliar to this subject. We shall also remark that the
non-triviality of SW spinX implies the non-triviality of BFX . See Proposition
17 below. In subsection 2.5, we shall discuss a relationship among BFX ,
SW spinX and SWX . Interestingly, by introducing a refinement ŜW
spin
X of
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SW spinX , we shall prove that there is a natural commutative diagram among
BFX , ŜW
spin
X and SWX . See Theorem 19 below. Though this fact is not
used in this article, it is clear that this has its own interest (see also Section
5 below).
In Section 3, we shall give proofs of both Theorem A and Theorem B.
In Theorem 26 stated in subsection 3.1 below, we shall prove that the con-
nected sums in Theorem A have non-trivial spin cobordism Seiberg-Witten
invariants. This result is a real key to prove Theorem A and, in fact, this
immediately implies Theorem A. See subsection 3.2 below.
In Section 4, we shall discuss several geometric applications of Theo-
rem A. In subsection 4.1, we shall prove both Theorem C and Theorem
D. In subsection 4.2, we shall remark that Theorem A implies an adjunc-
tion inequality which gives a bound of the genus of embedded surfaces in
the connected sum (cf. [37, 20]). In subsection 4.3, first of all, we shall
recall two important differential geometric inequalities [45, 46] arising from
Seiberg-Witten monopole equations. By combining these differential geo-
metric inequalities with Theorem A, we shall prove a key result to prove
Theorems E and F. See Theorem 53 in subsection 4.3. By using the result,
we shall prove Theorem E in subsection 4.5, and also prove Theorem F in
subsection 4.6.
Finally, we shall close this article with some remarks in Section 5.
2 Finite dimensional approximation of the
Seiberg-Witten map and differential topological
invariants
In this section, we shall recall mainly the detail of the construction of SW spinX
and discuss a relationship among BFX , SW
spin
X and SWX . See also [4, 5,
6, 56, 57, 67] for more detail.
2.1 The Seiberg-Witten map
Let X be a closed oriented 4-manifold with a Riemannian metric g. Take
a spinc structure ΓX on X. Then we have the spinor bundles S
±
ΓX
and its
determinant line bundle LΓX . Let Γ(S+Γ ) be the space of sections of S+ΓX
and A(LΓX ) be the space of U(1)-connections on LΓX . The Seiberg-Witten
monopole equations [78] perturbed by a self dual 2-form η ∈ Ω+(X) are the
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following equations for pairs (φ,A) ∈ Γ(S+ΓX )×A(LΓX ):
DAφ = 0, F
+
A = q(φ) + η.
Here DA : Γ(S
+
ΓX
) → Γ(S−ΓX ) is the twisted Dirac operator associated with
the connection A and Levi-Civita connection of the Riemannian metric g.
F+A denotes the self-dual part of the curvature FA, and q(φ) is the trace-free
part of the endomorphism φ⊗φ∗ of S+ΓX . Notice that this endomorphism is
identified with an imaginary-valued self-dual 2-form via the Clifford multi-
plication.
Let G := C∞(X,S1) be the group of smooth maps from X to S1, then
G acts on Γ(S+ΓX )×A(ΓX) in the following way:
γ(φ,A) := (γφ,A − 2γ−1dγ),
where γ ∈ G and (A,φ) ∈ Γ(S+ΓX ) × A(LΓX ). This action preserves the
space SΓX (g, η) of solutions of the perturbed Seiberg-Witten equations. The
quotient space
MSW =MSWΓX (g, η) := SΓX (g, η)/G (6)
is called the Seiberg-Witten moduli space. More precisely, we need to take
the completions of Γ(S±ΓX ), A and G in some Sobolev norms. However we do
not mention Sobolev norms since it is not important in the present article.
See [56, 57] for more detail.
The Seiberg-Witten moduli space (6) can be considered as the zero locus
of a certain map between two Hilbert bundles over a torus. This map is called
the Seiberg-Witten map. The Seiberg-Witten map has more information
than the moduli space. In fact, we are able to deduce more powerful results
by studying the Seiberg-Witten map. This point of view is introduced by
Furuta [16]. Below, we shall introduce the Seiberg-Witten map following
[4].
Fix a connection A0 ∈ A(LΓX ) and a point x0 ∈ X. Let G0 be the
subgroup of G which consists of maps whose the value at x0 is 1. Then we
put
T := (A0 + ker d)/G0, (7)
where d : Ω1X → Ω2X is the derivative and the action of γ ∈ G0 is given by
γ(A) = A− 2γ−1dγ
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for A ∈ A0 + ker d. One can see that the space T is isomorphic to the
b1(X)-dimensional torus Pic
0(X) = H1(X,R)/H1(X,Z). Let us define the
following two Hilbert bundles A and C over T as follows:
A =
(
A0 + ker d
)
×G0
(
Γ(S+ΓX )⊕ Ω1X
)
,
C =
(
A0 + ker d
)
×G0
(
Γ(S−ΓX )⊕ Ω+X ⊕H1g(X) ⊕Ω0X/R
)
.
Here H1g(X) is the space of harmonic 1-forms on X and R represents the
space of constant functions on X. The actions of G0 on Γ(S+ΓX ) and Γ(S−ΓX )
are the scalar products and the actions on Ω1X , Ω
+
X , H1g(X) and Ω0X/R are
trivial. Of course, there are natural actions of S1 on A and C induced by
the scalar products on S±ΓX . We are now in a position to introduce
Definition 6 ([4, 16]) The Seiberg-Witten map associated with the Rie-
mannian metric g and spinc structure ΓX on X is an S
1-equivariant map
µ : A −→ C
which is defined by
µ(A,φ, a) := (A,DA+aφ, F
+
A+a − q(φ) + η, p(a), d∗a).
Here A ∈ A0 + ker d, φ ∈ Γ(S+ΓX ), a ∈ Ω1X and p is the L2-orthogonal
projection onto H1g(X).
One can check that the quotient µ−1(0)/S1 is nothing but the Seiberg-
Witten moduli space (6).
2.2 Finite dimensional approximation and BFX
Let µ : A −→ C be the Seiberg-Witten map in the sense of Definition 6. We
denote the linear part by l of µ. Namely, we have
l(A,φ, a) = (A,DAφ, d
+a, p(a), d∗a). (8)
By a Kuiper’s theorem [38], we have a global trivialization of C. We fix a
global trivialization C ∼= T × B, where B is a Hilbert space. For any finite
dimensional subspace W ⊂ B, let us consider the orthogonal projection
prW : T × B → W and set F(W ) := l−1(W ). Then we define a map from
F(W ) to W by
fW := prW ◦ µ|F(W ).
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Let W+ and F(W )+ be respectively the one point compactifications of W
and F(W ). Under these notations, one of crucial results due to Bauer and
Furuta [4] can be stated as follows:
Theorem 7 ([4]) There exist finite dimensional subspaces W in B satisfy-
ing the following properties:
1. The finite dimensional subspace W ⊂ B and the image Im(l) of the
linear part l span C ∼= T × B, i.e., W + Im(l) = C.
2. For each finite dimensional subspace W ′ ⊂ B satisfying W ⊂ W ′,
the map fW ′ : F(W ′) → W ′ induces an S1-equivariant map f+W ′ :
F(W ′)+ → (W ′)+ between one point compactifications. And the fol-
lowing diagram
F(W ′)+ f
+
W ′−−−−→ (W ′)+∥∥∥ ∥∥∥
F(W )⊕F(U)+ −−−−−−−−−−−−→
(fW⊕prU◦l|F(U))+
(W ⊕ U)+
is S1-equivariant homotopy commutative as pointed maps, where U is
the orthogonal complement of W in W ′.
Based on this theorem, let us introduce the following definition:
Definition 8 The map fW : F(W ) → W is called a finite dimensional
approximation of the Seiberg-Witten map µ if the subspace W ⊂ B is a
finite dimensional subspace satisfying two conditions in Theorem 7.
Now, let µ : A −→ C be the Seiberg-Witten map associated with the
Riemannian metric g and spinc structure ΓX on a 4-manifold X with b
+ :=
b+(X) > 1. Let fW : F(W )→ W be a finite dimensional approximation of
µ and consider the S1-equivariant map f+W : F(W )+ → (W )+ between one
point compactifications. Then, Bauer and Furuta [4] showed that the S1-
equivariant stable cohomotopy class [f+W ] of f
+
W defines an element of a cer-
tain S1-equivariant stable cohomotopy group πb
+
S1,B(Pic
0(X), indD) and the
class [f+W ] is independent of the choices of the Riemannian metric g and self-
dual 2-form η. See [4, 6] for the precise definition of πb
+
S1,B(Pic
0(X), indD).
In the present article, we do not need to recall the precise definition of it.
As a result, we reach the following definition:
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Definition 9 ([4]) Let X be a closed oriented smooth 4-manifold with
b+(X) > 1 and ΓX be any spin
c structure on X. Then the value of the
stable cohomotopy Seiberg-Witten invariant BFX for ΓX is defined to be
BFX(ΓX) := [f
+
W ] ∈ πb
+
S1,B(Pic
0(X), indD).
As was already mentioned in Introduction, one of the main purposes of
this article is to prove a new non-vanishing theorem of BFX .
2.3 Finite dimensional approximation and spin structures
Let M be any closed manifold. Then, the most fundamental question will
be to ask if M is orientable or not. If M is orientable and oriented, a
next fundamental question will be to ask if the oriented manifold M admits
a spin structure. Now, it is known that, for generic η, the Seiberg-Witten
moduli spaceMSW defined by (6) becomes an orientable, finite dimensional
manifold. There is a natural way to orientMSW . After choosing an orienta-
tion on MSW , one can consider the fundamental homology class [MSW ] of
MSW . The original Seiberg-Witten invariant SWX is defined by the using
[MSW ]. Hence, a next fundamental question for MSW will be to ask when
MSW admits a spin structure and if one can construct effective differential
topological invariants by using spin cobordism class ofMSW equipped with
spin structures. These natural questions were explored by the second au-
thor [67]. Interestingly, it turns out that this is the case in a sense. In this
and next subsections, we shall review some of the main points of the theory
because this has a fundamental importance to prove Theorem A. We also
hope that this is helpful for the reader who is unfamiliar to this subject. See
also [67]. The rough story is as follows. Let F → B is a vector bundle over
an oriented manifold B and s : B → F be a section of the bundle which
is transverse to the zero section. Assume moreover, s−1(0) is compact. If
both F and B admit spin structures then one can see that s−1(0) also ad-
mits a spin structure. Then one can consider a spin cobordism class of the
compact manifold s−1(0) equipped with spin structure. We shall apply this
scheme to a section of the bundle E → V¯ (see (9) below) induced by the
finite approximation f of the Seiberg-Witten map µ. The cental problem of
this subsection is to see when both E and V¯ admit spin structures.
Now, let X be a closed, oriented 4-manifold with b+(X) > 1. Take a
Riemannian metric g and a spinc structure ΓX on X. Let µ : A −→ C be
the Seiberg-Witten map associated with g and ΓX . By Theorem 7 above,
we are able to get a finite dimensional approximation of the Seiberg-Witten
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map µ:
f := fW : V := F(W ) −→W
We are also able to decompose naturally V and W as
V = VC ⊕ VR, W =WC ⊕WR.
Here VC and VR respectively denote complex and real vector bundle over T
(see (7)). And WC and WR are complex and real vector spaces. The S
1
actions on V and W are the scalar products on VC and WC.
On the other hand, it is known that, for generic η, the perturbed Seiberg-
Witten equations have no reducible solution, i.e., φ 6≡ 0. Hence, when W is
sufficiently large, f−1(0) lies in Virr := (VC\{0}) ×T VR.
Since f is equivariant with respect to the S1 actions, f induces a section
s of the vector bundle
E := Virr ×S1 W −→ V¯ := Virr/S1. (9)
By perturbing the section if necessarily, we may assume that the section s
is transverse to the zero section. We denote the zero locus of s by M i.e.,
M := s−1(0) ⊂ V¯ . (10)
ThenM is a compact submanifold of V¯ . Notice thatM is slightly different
from the Seiberg-Witten moduli space (6).
First of all, we shall prove
Lemma 10 A choice of an orientation on H1g(X) ⊕ H+g (X) induces an
orientation on M.
Proof. It is sufficient to orient the determinant line bundle detR TM of the
tangent bundle TM of M. We fix an orientation O on H1g(X) ⊕ H+g (X).
Let N be the normal bundle of M in V¯ . Then we have
T V¯ |M = TM⊕N . (11)
Since s is transverse to the zero section, the derivative of s induces the
isomorphism
N ∼= E|M. (12)
From (11) and (12), we have
TM⊕E|M ∼= T V¯ |M. (13)
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Therefore, we have an isomorphism
detR TM∼= detR T V¯ |M ⊗ (detRE|M)∗. (14)
Since the linear part l of the Seiberg-Witten map is given by (8), we have
WR = H+g (X)⊕W ′R
for some vector space W ′
R
. Moreover l induces an isomorphism between W ′
R
and each fiber of VR. (This gives a trivialization of VR.) The vector bundle
E over V¯ has a decomposition E = EC ⊕ ER, where
EC = Virr ×S1 WC, ER = V¯ ×WR.
The complex part of EC has the orientation induced by the complex struc-
ture. Hence there is a trivialization detREC ∼= R. We obtain
detRE ∼= π¯∗ detRH+g (X)⊗ π¯∗ detR VR, (15)
where H+g (X) is the trivial vector bundle over T with fiber H+g (X) and π¯ :
V¯ → T is the projection. On the other hand, there is a natural isomorphism
(see Lemma 3.4 in [67]):
T V¯ ⊕ R ∼= π¯∗T (T )⊕ (π¯∗VC ⊗C H)⊕ π¯∗VR (16)
where T (T ) is the tangent bundle of T and H := Virr ×S1 C. Since T (T )
has a natural trivialization
T (T ) ∼= H1g(X) := T ×H1g(X),
we have
detR T V¯ ∼= π¯∗ detRH1g(X)⊗ π¯∗ detR VR. (17)
From (14), (15) and (17), we have
detR TM∼= π¯∗
(
detRH1g(X)⊗ detR VR ⊗ (detRH+g (X))∗ ⊗ (detR VR)∗
)∣∣
M
∼= π¯∗( detRH1g(X)⊗ (detRH+g (X))∗)∣∣M ,
where we used the canonical trivialization detR VR ⊗ (detR VR)∗ ∼= R.
The Riemannian metric on X induces an isomorphism between H+g (X)
and H+g (X)∗. Hence the orientation O on H1g(X) ⊕ H+g (X) orients
detRH1g(X)⊗ (detRH+g (X))∗ and hence detR TM.
Next, we shall prove the following result:
16
Proposition 11 Let {ej}sj=1 be a set of generators of H1(X,Z), where s :=
b1(X). Let f : V →W be a finite dimensional approximation of the Seiberg-
Witten map µ associated with g and ΓX . Assume that m := dimCWC is
even. Let IΓX ∈ Z be the numerical index of the Dirac operator associated
with g and ΓX . Moreover, put S
ij(ΓX) :=
1
2 〈c1(LΓX ) ∪ ei ∪ ej , [X]〉 ∈ Z as
Definition 3 above. Suppose that the following conditions are satisfied:
(∗)
{ IΓX ≡ 0 (mod 2),
Sij(ΓX) ≡ 0 (mod 2) for all i, j.
Then M is spin.
Let us give a proof of this proposition. First of all, by the isomorphism
(13), we have TM⊕ E|M ∼= T V¯ |M. Hence, a sufficient condition for M
to be spin is that both T V¯ and E are spin. Below, we consider when the
second Stiefel-Whitney classes of both T V¯ and E are trivial.
Let IndD ∈ K(T ) be the index bundle of the family {DA}[A]∈T of Dirac
operators. Since the complex part of the linear part l of the Seiberg-Witten
map µ is the Dirac operator, we have IndD = [VC] − [Cm] ∈ K(T ), where
m := dimCWC. The real part ER of E := Virr ×S1 W is trivial and the
complex part EC of E is given by EC = Virr ×S1 WC. Hence ER is spin and
the first Chern class of EC is
c1(EC) = mc1(H) ∈ H2(V¯ ,Z), (18)
where, again, H := Virr ×S1 C.
In general, the mod 2 reduction of the first Chern class of a complex
bundle is equal to the second Stiefel-Whitney class. Therefore, we are able
to conclude that, by (18), EC is spin if m := dimCWC is even. From now
on, we assume that m is even. By the above argument, the E := Virr×S1W
is spin in this situation.
On the other hand, the isomorphism (16) above means that T V¯ is spin
if the complex bundle π¯∗VC ⊗H is spin since both T (T ) and VR are trivial.
The first Chern class of π¯∗VC ⊗H is given by
c1(π¯
∗VC ⊗H) = π¯∗c1(VC) + (m+ a)c1(H)
= π¯∗c1(IndD) + (m+ a)c1(H)
∈ H2(V¯ ,Z).
(19)
Here a := IΓX ∈ Z is the numerical index of the Dirac operator DA. The
first Chern class of IndD is calculated by Li–Liu [50] and Ohta–Ono [58]
independently. Let us recall the result.
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Let {ej}sj=1 be a set of generator of H1(X,Z), where s := b1(X). Then,
we have an identification between T (see (7)) and the n-dimensional torus
T n. Fix a point x0 ∈ X. We define a map ψ from X to T n ∼= T by
x 7−→
(∫ x
x0
e1, . . . ,
∫ x
x0
es
)
.
The symbol
∫ x
x0
means an integration over some curve on X connecting x0 to
x . From the Stokes theorem, this map is independent of the choice of curve.
It is easy to see that the induced homomorphism ψ∗ : H1(T ,Z)→ H1(X,Z)
is isomorphic. Put fj := (ψ
∗)−1(ej) ∈ H1(T ,Z). Then a result in [50, 58]
tells us that the following holds:
Proposition 12 ([50, 58]) The first Chern class of IndD is given by
c1(IndD) =
1
2
∑
i<j
〈c1(LΓX ) ∪ ei ∪ ej , [X]〉 fi ∪ fj ∈ H2(T ,Z).
From (19) and Proposition 12, it follows that VC ⊗H is spin if
a ≡ 0 (mod 2),
Sij(ΓX) :=
1
2
〈c1(LΓX ) ∪ ei ∪ ej , [X]〉 ≡ 0 (mod 2) (∀i, j)
because we assume that m := dimCWC is even. Hence, we have shown
Proposition 11 as promised.
On the other hand, note that, if Sij(ΓX) are even for all i, j, then Propo-
sition 12 tells us that the first Chern class of IndD is also even. We next
explain that, under the condition (∗) in Proposition 11, a choice of square
root of the complex determinant line bundle of the family of Dirac operators
{DA}A∈T induces a spin structure on M. More precisely, we have
Proposition 13 Assume that the condition (∗) in Proposition 11 holds. An
orientation O on H1g(X)⊕H+g (X) and a square root L of detC(IndD) induce
a spin structure on M.
Proof. See also the proof of Proposition 3.10 in [67]. Assume now that
(∗) in Proposition 11 is satisfied. Then, it follows from the above discussion
that both T V¯ and E := Virr×S1W have spin structures. More precisely, the
spin structures on T V¯ and E induce a spin structure onM compatible with
the isomorphism TM⊕ E|M ∼= T V¯ |M. Hence, we only have to show that
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an orientation on H1g(X) ⊕H+g (X) and a square root of detC IndD induce
spin structures on T V¯ and E.
First, we equip E with a spin structure in the following way. Fix an
orientation on WR. Then we obtain a spin structure on the real part ER =
V¯ × WR of E compatible with the orientation. It is well known that a
choice of square root of the complex determinant line bundle of a complex
vector bundle induces a spin structure when the first Chern class is even
(see Lemma 3.9 in [67]). Since detCEC = H
⊗m and m is even, H⊗m/2 is a
square root of detCEC. Hence, EC has a natural spin structure. Therefore,
we obtain a spin structure on E = EC ⊕ ER.
Next, we equip T V¯ with a spin structure. From (16), it is sufficient
to equip VR ,H1g(X), VC ⊗H with spin structures. Take an orientation on
H+g (X). Then we have a spin structure on VR compatible with orientations
on WR, H+g (X) and the linear part l of the Seiberg-Witten map µ. The
orientation on H+g (X) also induces a spin structure on H1g(X) compatible
with O. Let L be a square root of detC IndD. Then L ⊗ H⊗(m+a)/2 is a
square root of
detC(VC ⊗H) = detC(IndD)⊗H⊗(m+a).
Hence we have a spin structure on T V¯ . Therefore we obtain a spin structure
on M. It is not hard to see that the spin structure is independent of the
choice of orientations on WR and H+g (X). Hence the claim follows.
2.4 Spin cobordism Seiberg-Witten invariant
Suppose that (∗) in Proposition 11 holds. As we shall see below, then we
are able to show that the spin cobordism class of M is independent of the
choice of both Riemannian metric g and finite dimensional approximation
of the Seiberg-Witten map µ. In fact, we have
Theorem 14 Let X be a closed, oriented 4-manifold with b+(X) > 1 and
ΓX be a spin
c structure on X. Fix an orientation O on H1g(X) ⊕ H+g (X).
Assume that the condition (∗) in Proposition 11 holds and take a square root
L of detC(IndD). Then the spin cobordism class of M is independent of the
choice of both Riemannian metric on X and finite dimensional approxima-
tion of the Seiberg-Witten map. Hence, the spin cobordism class gives rise
to a differential topological invariant of X.
Let us give outline of the proof. Take two finite dimensional approximations
f0 : V0 →W0 and f1 : V1 →W1. We writeMi for f−1i (0)/S1. Considering a
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larger finite dimensional approximation f : V → W with Vi ⊂ V , Wi ⊂ W ,
we are able to reduce the proof to the case when V0 ⊂ V1, W0 ⊂ W1. Let
U be the orthogonal complement of W0 in W1. By Theorem 7, we have
a homotopy f˜+ between (f0 ⊕ prU ◦ l|F(U))+ and f+1 . By perturbing the
map f˜+ if necessarily, we may conclude that M˜ = (f˜+)−1(0)/S1 becomes a
smooth manifold with boundaryM0
∐M1. The square root L also induces
a spin structure on M˜ whose restrictions to Mi are the spin structures on
Mi. So M˜ is a spin cobordism between M0 and M1. Hence the spin
cobordism class is independent of the finite dimensional approximation of
the Seiberg-Witten map. The proof of independence on Riemannian metrics
is also similar. See [67] for more details.
We are now in a position to introduce the precise definition of the spin
cobordism Seiberg-Witten invariant:
Definition 15 Let X be closed, oriented 4-manifold with b+(X) > 1 and
ΓX be a spin
c structure on X. Fix an orientation O on H1g(X) ⊕ H+g (X).
Assume that the condition (∗) in Proposition 11 holds and choose a square
root L of detC(IndD). Then we denote the spin cobordism class of M by
SW spin(ΓX , L) ∈ Ωspind .
Here d is the dimension of M. We shall call this spin cobordism Seiberg-
Witten invariant of X.
Remark 16 It is known that the dimension of Seiberg-Witten moduli space
MSW (see (6)) associated with the spinc structure ΓX is given by
dimMSW = 1
4
(
c21(LΓX )− 2χ(X)− 3τ(X)
)
. (20)
On the other hand, M (see (10)) is slightly different from MSW . However,
the dimension of M is also given by the above formula. In fact, since M is
the zero locus of the section s of the bundle E, we have
dimM = dim V¯ − rankRE. (21)
The rank of ER is equal to b
+(X) +n and the rank of EC over R is equal to
2m. On the other hand, the dimension of V¯ is given by
b1(X) + 2(m+ a) + n− 1 = b1(X) + 2m+ 1
4
(
c21(LΓX )− τ(X)
)
+ n− 1.
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From (21), we have
dimM = b1(X) + 1
4
(
c21(LΓX )− τ(X)
)
− 1− b+(X)
=
1
4
(
c21(LΓX )− 2χ(X) − 3τ(X)
)
.
hence we have
dimMSW = dimM = 1
4
(
c21(LΓX )− 2χ(X) − 3τ(X)
)
. (22)
Let us close this subsection with the following proposition which clarifies
a relationship between BFX and SW
spin
X :
Proposition 17 Let X be a closed oriented 4-manifold with b+(X) > 1 and
let ΓX be a spin
c structure. Suppose that the condition (∗) in Proposition
11 holds and that the value of the spin cobordism Seiberg-Witten invariant
for ΓX is non-trivial, i.e., SW
spin(ΓX , L) 6= 0 for some square root L of
detC(IndD). Then the value of the stable cohomotopy Seiberg-Witten in-
variant for ΓX is also non-trivial, i.e., BF (ΓX) 6= 0.
Proof. We shall prove the claim by showing the contraposition. Assume
now that BF (ΓX) is trivial. Let f be a finite dimensional approximation of
the Seiberg-Witten map associated with ΓX and some Riemannian metric.
Fix any square root L of IndD. By the hypothesis, we have a homotopy
f˜+ between f+ and the constant map h. The map h maps all elements
in V + to ∞ ∈ W+. We may assume that f˜ is transverse to 0. Since the
zero locus of h is empty, we conclude that M˜ = f˜−1(0)/S1 is a smooth
manifold with boundary M = f−1(0)/S1. The square root L also induces
a spin structure on M˜ compatible with the spin structure on M. Hence
SW spin(ΓX , L) must be trivial by the very definition.
We shall use Proposition 17 to prove Theorem A. On the other hand, it is
a natural question to ask if there is a natural relationship among SWX , BFX ,
and SW spinX . In next subsection, we shall explore this problem and point
out that there is a natural commutative diagram among SWX , BFX and
a refinement ŜW
spin
X of spin cobordism Seiberg-Witten invariant. Though
this result is not used in this article, this has its own interest.
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2.5 Commutative diagram among three invariants
Let X be a closed, oriented 4-manifold with b+(X) > 1. Take a Riemannian
metric g and ΓX be a spin
c structure on X. Let µ : A −→ C be a corre-
sponding Seiberg-Witten map µ and f be a finite approximation of µ. On
the other hand, we write Airr for the complement of the set of fixed point
of the S1-action on A, i.e.,
Airr :=
(
A0 + ker d
)
×G0
(
(Γ(S+ΓX )\{0}) × Ω1X
)
.
The action of S1 on Airr is free. We denote the quotient Airr/S1 by Birr.
We denote the spin cobordism of the space Birr by Ωspind (Birr). Namely,
Ωspind (Birr) :=
(Y, σ, ϕ)
∣∣∣∣∣∣
Y : a closed, oriented d-manifold
σ: a spin structure on Y
ϕ : Y → Birr : a continuous map

/
∼
where the equivalence relation is defined by the following way:
(Y1, σ1, ϕ1) ∼ (Y2, σ2, ϕ2) def⇐⇒
∃(W,σW , ϕW ) s.t.
W : an oriented d+ 1-manifold s.t. ∂W = Y1
∐
Y2,
σW : a spin structure on W with σW |Yi = σi,
ϕW :W → Birr: a continuous map with ϕW |Yi = ϕi.
Ωspind (Birr) has a module structure in a natural way.
Now, we have the natural inclusion ι :M = f−1(0)/S1 →֒ Birr. Assume
that the condition (∗) in Proposition 11 holds. Then, a choice of a square
root L of det IndD induces a spin structure σL onM. The triple (M, σL, ι)
defines a class of Ωspind (B∗), where d is the dimension of M. We write
ŜW
spin
X (ΓX , L) for the class:
ŜW
spin
X (ΓX , L) ∈ Ωspind (Birr).
In a similar way to the proof of Theorem 14, we can show the following:
Theorem 18 Let X be a closed, oriented 4-manifold with b+(X) > 1 and
ΓX be a spin
c structure on X. Fix an orientation on H1g(X) ⊕ H+g (X).
Assume that the condition (∗) in Proposition 11 holds and fix a square root
L of det IndD. Then ŜW
spin
X (ΓX , L) ∈ Ωspind (Birr) is independent of the
choice of metric and finite dimensional approximation of the Seiberg-Witten
map, and hence ŜW
spin
X (ΓX , L) is a differential topological invariant of X.
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We leave the detail of the proof of this theorem, as an exercise, for the
interested reader. See also [67].
On the other hand, let F be the forgetful map form Ωspind (Birr) to Ωspind .
Then the following follows from the definition of SW spinX and ŜW
spin
X :
F (ŜW
spin
X (ΓX , L)) = SW
spin
X (ΓX , L) ∈ Ωspind .
We are now in a position to state the main result of this subsection:
Theorem 19 Let X be a closed, oriented 4-manifold with b+(X) > b1(X)+
1. Take a spinc structure ΓX and a finite dimensional approximation f of
the Seiberg-Witten map µ associated with ΓX . Assume that the dimension
d of M = f−1(0)/S1 is even and the condition (∗) in Proposition 11 holds.
Fix a square root L of det IndD. Then there are the following natural maps:
tBF : πb
+
S1,B(Pic
0(X), indD) −→ Z,
tspinL : π
b+
S1,B(Pic
0(X), indD) −→ Ωspind (Birr),
tspin : Ωspind (Birr) −→ Z,
such that tBF (BFX(ΓX)) = SWX(ΓX), t
spin
L (BFX(ΓX)) = ŜW
spin
X (ΓX , L)
and tspin(ŜWX(ΓX)) = SWX(ΓX). Moreover the following diagram is com-
mutative:
πb
+
S1,B(Pic
0(X), indD)
tspin
L

tBF
''OO
OO
OO
OO
OO
OO
O
Z
Ωspind (B∗)
tspin
77nnnnnnnnnnnnn
In what follows, we shall give a proof of Theorem 19.
First of all, we define the map
tBF : πb
+
S1,B(Pic
0(X), indD)→ Z.
This map was defined in [4]. Assume that b+(X) > b1(X)+1 and dimM =
2d′. Take an element [α] ∈ πb+S1,B(Pic0(X), indD). Here α : V + → W+ is a
representative. The difference of the dimensions of {0} × VR(⊂ V ) and W
is b+(X) − b1(X). Since b+(X) > b1(X), there is a small ε > 0 and a map
23
β : VR → W such that α|VR + εβ does not intersect with zero in W . Put
α′ = α + εβ. Then α
′−1(0) ⊂ (VC\{0}) ×T VR, and M = α′−1(0)/S1 is a
compact, smooth manifold with dimension d = 2d′. Then define as
tBF ([α]) :=
〈
c1(H
d′), [M ]
〉
∈ Z,
where H := Airr ×S1 C→ Birr. Then we have the following:
Lemma 20 tBF ([α]) is independent of the choice of representative α and
tBF (BFX(ΓX)) is equal to SWX(ΓX).
See [4] for details.
Next we define the map
tspinL : π
b+
S1,B(Pic
0(X), indD)→ Ωspind (Birr).
Suppose that the condition (∗) in Proposition 11 holds. Fix a square root
L of det IndD. Let [α] ∈ πb+S1,B(Pic0(X), indD). As above, we may assume
that α−1(0) ⊂ (VC\{0}) ×T VR and Mα = α−1(0)/S1 is a closed, smooth
manifold with dimension d. We can show that the choice of L induces a spin
structure σL,α on Mα in the same way as Proposition 13. We put
tspinL ([α]) := [Mα, σL,α, ια] ∈ Ωspind (Birr),
where ια :Mα →֒ Birr is the inclusion. Then we have
Lemma 21 tspinL ([α]) is independent of the choice of representative α and
tspinL (BFX(ΓX)) = ŜW
spin
X (ΓX , L).
Proof. By the definition of tspinL , we have t
spin
L (BFX(ΓX)) = ŜWX(ΓX , L).
So, it is enough to show the well-definedness of the map tspinL .
Now, take S1-equivariant maps α : V + → W+, α′ : V ′+ → W ′+
with [α] = [α′] ∈ πb+S1,B(Pic0(X), indD). We may suppose that both
M0 = α
−1(0)/S1 and M1 = α
′−1(0)/S1 are closed, smooth manifolds with
dimension d. The square root L induces spin structures σ0,L, σ1,L on
M0,M1, respectively. We denote natural inclusions by ι0 : M0 →֒ Birr,
ι1 : M1 →֒ Birr. Considering another map α′′ : V ′′+ → W ′′+ with
[α′′] = [α] = [α′] ∈ πb+S1,B(Pic0(X), indD) and satisfying
V + ⊂ V ′′+, W+ ⊂W ′′+, V ′+ ⊂ V ′′+, W ′+ ⊂W ′′+,
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we are able to reduce the proof to the case when V + ⊂ V ′+, W+ ⊂W ′+.
Now, let U0, U1 be the orthogonal complements of V,W in V
′,W ′. Then
the linear part l (see (8)) induces an isomorphism between U0 and U1, and
there is an S1-equivariant homotopy h : V
′+ × [0, 1] → W ′+ between (α ⊕
(l|U0)
)+
and α′ by Theorem 7. From the assumption that b+(X) > b1(X)+1,
we may suppose that h−1(0) ⊂ (V ′
C
\{0})×T VR×[0, 1] and M˜ = h−1(0)/S1 is
a d+1-dimensional smooth manifold with boundary M0
∐
M1. The square
root L induces a spin structures on M˜ whose restrictions to M0, M1 are the
spin structures σ0,L, σ1,L respectively.
Finally, Let ι˜ : M˜ →֒ Birr × [0, 1] be the natural inclusion. Then
(M˜ , σ˜L, ι˜) is a cobordism between (M0, σ0,L, ι0) and (M1, σ1,L, ι1). Hence
we have [M0, σ0,L, ι0] = [M1, σ1,L, ι1] ∈ Ωspind (Birr) as desired.
Finally, we shall define
tspin : Ωspind (Birr)→ Z
as follows. Take an element [M,σ, f ] ∈ Ωspind (Birr). Here M is a closed,
oriented (d =)2d′-dimensional manifold, σ is a spin structure on M and
f :M → Birr is a continuous map. We define as
tspin([M,σ, f ]) :=
〈
f∗c1(H)
d′ , [M ]
〉
∈ Z,
where, again, H := Airr ×S1 C→ Birr. Then we have
Lemma 22 tspin([M,σ, f ]) is independent of the choice of representative
(M,σ, f) and tspin(ŜWX(ΓX , L)) = SWX(ΓX).
Proof. tspin(ŜW
spin
(ΓX)) = SW (ΓX) follows from the definition of the in-
variants. So it is enough to show the well-definedness of the map tspin. Now,
take two triples (M0, σ0, f0), (M1, σ1, f1) with [M0, σ0, f0] = [M1, σ1, f1] in
Ωspind (Birr). Then there is a cobordism (M˜, σ˜, f˜) between the two triples.
By Stokes theorem, we have
0 =
∫
fM
δf∗c1(H
d′) =
〈
f∗1 c1(H
d′), [M1]
〉
−
〈
f∗0 c1(H
d′), [M0]
〉
,
where we considered c1(H
d′) as a closed differential form and δ is the
exterior derivative in the above equation. Therefore the map tspin is
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well-defined.
From the above definition of three maps, it is clear that the diagram in
Theorem 19 is commutative. Hence we have done the proof of Theorem 19.
In particular, as a corollary of Theorem 19, we obtain
Corollary 23 Let X,ΓX , L be as in Theorem 19. Then we have
BFX(ΓX) = 0 ∈ πb+S1,B(Pic0(X), indD) =⇒

SWX(ΓX) = 0 ∈ Z,
ŜW
spin
X (ΓX , L) = 0 ∈ Ωspind (Birr),
SW spinX (ΓX , L) = 0 ∈ Ωspind .
ŜW
spin
X (ΓX , L) = 0 ∈ Ωspind (Birr) =⇒
{
SWX(ΓX) = 0 ∈ Z,
SW spinX (ΓX , L) = 0 ∈ Ωspind .
3 Proof of Theorem A
In this section, we shall prove Theorems A and B which were stated in
Introduction.
3.1 Non-triviality of spin cobordism Seiberg-Witten invari-
ant
We shall start with the following simple observation (see also Remark 16
above):
Lemma 24 Let X be any closed oriented smooth 4-manifold with a Rieman-
nian metric g and ΓX be a spin
c structure on X. Let IΓX be the numerical
index of the Dirac operator associated to g and ΓX . Then the following two
conditions are equivalent:
• IΓX ≡ 0 (mod 2),
• dΓX + b+(X) − b1(X) ≡ 3 (mod 4),
where dΓX is the dimension of M, where see (10) and (22).
Proof. This follows from a direct computation. Indeed, we have the follow-
ing by the formula (22):
dΓX =
1
4
(
c21(LΓX )− 2χ(X) − 3τ(X)
)
.
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Equivalently,
c21(LΓX ) = 4dΓX + 2χ(X) + 3τ(X). (23)
On the other hand, the Atiyah-Singer index theorem tells us that the index
IΓX is given by
IΓX =
1
8
(
c21(LΓX )− τ(X)
)
.
This formula and (23) tell us that
IΓX =
1
4
(
2dΓX + χ(X) + τ(X)
)
.
Since χ(X) + τ(X) = 2(1 − b1(X) + b+(X)), we obtain
IΓX =
1
2
(
dΓX + b
+(X) − b1(X) + 1
)
.
It is clear that this equality implies the desired result.
Proposition 11, Theorem 14, Definition 15 and Lemma 24 imply the
following:
Proposition 25 Let X be closed, oriented 4-manifold with b+(X) > 1 and
ΓX be a spin
c structure on X. Fix an orientation O on H1g(X) ⊕ H+g (X).
Choose a square root L of detC(IndD) and assume that the following con-
ditions are satisfied:
(∗)1
{
dΓX + b
+(X) − b1(X) ≡ 3 (mod 4),
Sij(ΓX) ≡ 0 (mod 2) for all i, j.
Then the spin cobordism class of M defines
SW spin(ΓX , L) ∈ ΩspindΓX ,
where, again, dΓX is the dimension of M.
Proposition 25 and a method developed in [67] enable us to prove the
following which is the main result of this subsection. This is a real key to
prove Theorem A:
Theorem 26 For m = 1, 2, 3, let Xm be a closed oriented almost complex
4-manifold with b+(Xm) > 1 and satisfying
b+(Xm)− b1(Xm) ≡ 3 (mod 4). (24)
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Let ΓXm be a spin
c structure on Xm which is induced by the almost complex
structure and assume that SWXm(ΓXm) ≡ 1 (mod 2). Under Definition 3,
moreover assume that the following condition holds for each m:
Sij(ΓXm) ≡ 0 (mod 2) for all i, j. (25)
Put X = #nm=1Xm for n = 2, 3, and let ΓX be a spin
c structure on X defined
by ΓX = #
n
m=1(±ΓXm). Here −ΓXm is the complex conjugation of ΓXm and
the sign ± are arbitrary. Fix an orientation O on H1g(X) ⊕ H+g (X) and
choose a square root L of detC(IndD). Then M associated with the spinc
structure ΓX (see (10)) defines a non-trivial spin cobordism class, i.e.,
SW spin(ΓX , L) 6≡ 0 ∈ Ωspinn−1.
Here, let us make the following observation:
Remark 27 The following holds:
1. Let X be a closed oriented smooth 4-manifold. We shall call a class
A ∈ H2(X,Z) is an almost canonical class if
A ≡ w2(X) (mod 2), A2 = 2χ(X) + 3τ(X). (26)
Such classes exist on X if and only if X admits an almost complex
structure. More precisely, A ∈ H2(X,Z) is an almost canonical class if
and only if there is an almost complex structure J on X which is com-
patible with the orientation, such that A is just the first Chern class
of the canonical bundle associated with the almost complex structure.
2. Let X be a closed oriented smooth 4-manifold with b+(X) ≥ 2 and a
spinc structure ΓX . Then the Seiberg-Witten invariant SWX(−ΓX) is
equal to SWX(ΓX) up to sign. In particular, SWX(−ΓX) is also odd
if SWX(ΓX) is odd.
3. Under the situation in Theorem 26, for each m, the condition (∗)1
in Proposition 25 for the spinc structure ΓXm induced by the almost
complex structure is equivalent to
(∗)2
{
b+(X)− b1(X) ≡ 3 (mod 4),
Sij(ΓXm) ≡ 0 (mod 2) for all i, j,
namely, dΓXm = 0 holds. In particular, the condition (∗)1 for −ΓXm
also holds if the condition (∗)1 for ΓXm holds.
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4. Under the situation in Theorem 26, the spinc structure ΓX on X =
#nm=1Xm satisfies the condition (∗)1 in Proposition 25. In particular,
SW spin(ΓX , L) is defined for ΓX .
5. One can easily check that dΓX = n − 1 holds for the spinc structure
ΓX = #
n
m=1(±ΓXm) by using the formula (22)
6. Under the same situation with Theorem 26, one can still define the
spin cobordism Seiberg-Witten invariant for a connected sum X =
#nm=1Xm, where n ≥ 4. However, it is known that the spin cobordism
Seiberg-Witten invariant in this case must vanish. See Remark 3.16
in [67].
In fact, the first claim is known as a result of Wu. See [26]. The second
claim is well known to the expert. See [56, 57] for the detail. The third claim
follows from the fact that c1(LΓXm ) is the first Chern class of X defined by
the almost complex structure. This fact and the formulas (22), (26) tell
us that dΓXm = 0. This implies the desired result. It is not also hard to
prove the fourth claim. Notice that both (∗)1 in Proposition 25 and (∗)2
for ΓXm are equivalent to the (∗) in Proposition 11 for ΓXm . Similarly, (∗)1
in Proposition 25 for ΓX is also equivalent to (∗) in Proposition 11 for ΓX .
Since each component Xm of the connected sum X = #
n
m=1Xm has the
spinc structure ΓXm satisfies (∗) in Proposition 11, the spinc structure ΓX
on the connected sum X also satisfies (∗), where we used the definition of
Sij(ΓX) and the sum formula of the index of the Dirac operator. Hence the
fourth claim now follows.
Let us review the definition of the Lie group spin structures before giving
a proof of Theorem 26. See also [30]. In the proof of Theorem 26, the
moduli space can be identified with S1 or T 2 and we shall prove that the
spin structure on the moduli space is the Lie group spin structure.
Let G be a k-dimensional compact, oriented, Lie group and suppose
that we have an invariant Riemannian metric on G. When k ≥ 3, let PSO
be the orthonormal frame bundle of TG. When k = 1 or k = 2, let PSO
be the orthonormal frame bundle of TG ⊕ Rk′ for some k′ ≥ 2. Fix an
orthonormal basis {e1, . . . , ek} of the Lie algebra g = TeG compatible with
the orientation. Then we are able to define spin structures on G in two
ways. For g ∈ G, we denote the multiplications of g from right and left
by Rg, Lg. The derivative of Rg and the basis {e1, . . . , ek} give a global
trivialization of the tangent bundle TG. Also Lg and {e1, . . . , ek} give us
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another trivialization of TG. These give us two trivializations
ϕR : PSO
∼=−→ G× SO(k′′), ϕL : PSO
∼=−→ G× SO(k′′).
Here k′′ is k if k ≥ 3 and k + k′′ if k = 1 or k = 2. The double covering
Spin(k′′)→ SO(k′′) and the trivializations ϕR, ϕL give two double coverings
of PSO. Hence we obtain two spin structures on G. The isomorphism classes
of these spin structures are independent of the choice of {e1, . . . , ek} since
SO(k) is path-connected. Of course, if the Lie group is commutative, these
two spin structures are the same. Spin structures defined in this way are
called Lie group spin structures.
In the course of the proof of Theorem 26, we shall use the following
well-known result (for example, see [30, 17]):
Theorem 28 The spin cobordism groups Ωspin1 and Ω
spin
2 are isomorphic to
Z2 and the generators are represented by the Lie group spin structures on
S1 and T 2 respectively.
We are now in a position to give a proof of Theorem 26:
Proof of Theorem 26 First of all, we prove the theorem in the case where
n = 2. Let fm : Vm → Wm be a finite dimensional approximation of the
Seiberg-Witten map associated with ΓXm or −ΓXm , where m = 1, 2.
Suppose now that the rank of (Wm)C are even. Firstly, for simplicity,
let us assume that Mm = f−1m (0)/S1 consists of one point for all m. By
Bauer’s connected sum formula [5] for stable cohomotopy Seiberg-Witten
invariants, we may suppose that
f = f1 × f2 : V = V1 × V2 −→W =W1 ×W2
is a finite dimensional approximation of the Seiberg-Witten map associated
to ΓX := (±ΓX1)#(±ΓX2) on X = X1#X2. Then MX := f−1(0)/S1d =
f−11 (0)× f−12 (0)/S1d is naturally identified with S1. Here S1d is the diagonal
of S1 × S1. Since f = f1 × f2 is S1 × S1-equivariant, we have a natural
action of S1q = (S
1 × S1)/S1d ∼= S1 on MX ∼= S1. Hence, MX admits a Lie
group spin structure σLieMX coming from the action of S
1
q .
On the other hand, we have a natural action of S1×S1 on Virr and this
action also induces S1q -actions on both V¯ := Virr/S
1
d and E := Virr ×S1d W .
Via natural actions of S1q on both T V¯ |MX and E|MX = Virr ×S1
d
(W1 ⊕
W2)|MX , we are able to get Lie group spin structures on both T V¯ |MX and
E|MX . These Lie group spin structures together induce the Lie group spin
structure σLieMX on MX .
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On the other hand, we fix a square root L of detC(IndD) associated with
ΓX . Then, as explained in subsection 2.3, we have a spin structure σV¯ on
V¯ := Virr/S
1
d induced by L, and we also have a natural spin structure σE
on E := Virr ×S1
d
W . As before, the restrictions of both σV¯ and σE to MX
give rise to a spin structure σMX on MX .
Hence, we have two spin structures onMX , i.e., σLieMX , σMX . Therefore,
we are able to define two spin cobordism classes:
SW spin(ΓX , L) = [MX , σMX ], [MX , σLieMX ] ∈ Ωspin1 ∼= Z2.
Here notice that the generator of Ωspin1
∼= Z2 is represented by the Lie group
spin structure on S1 ∼=MX as mentioned in Theorem 28. Hence, if we are
able to show that σMX is isomorpshic to σ
Lie
MX
, the non-triviality of the spin
cobordism Seiberg-Witten invariant follows:
SW spin(ΓX , L) = [MX , σMX ] = [MX , σLieMX ] 6= 0 ∈ Ωspin1 ∼= Z2.
Hence, our task is to show that σMX is isomorpshic to σ
Lie
MX
. By the con-
structions of these spin structures, it is enough to prove the following lemma:
Lemma 29 The restrictions of σV¯ , σE toMX are the Lie group spin struc-
tures induced by the S1q -actions on T V¯ |MX , E|MX .
Proof. Let tm ∈ Tm := H1(Xm,R)/H1(Xm,Z) be the images of Mm by
the projections Vm → Tm, where m = 1, 2. Note that we assumed Mm is
one point. Let Vm,C be the complex part of Vm and VR be the real part of
V , and put
V¯ ′ =
{[
(V1,C\{0}) × (V2,C\{0})
] ×T VR} /S1d ⊂ V¯ .
We have the natural projection
p : V¯ ′t → V¯ ′t /S1q = V¯1t1 × V¯2t2 .
Here t = (t1, t2) ∈ T and V¯ ′t , V¯mtm are the fibers over t, tm. Note that MX
is included in V¯ ′t .
Since ΓXm satisfies the condition (∗) in Proposition 11, T V¯m are spin.
We denote by F the restriction of (T V¯1×T V¯2)⊕R to V¯1t1× V¯2t2 and we fix a
spin structure σF on F . The restriction of T V¯ to V¯
′
t is naturally isomorphic
to p∗F . It is easy to see that V¯ ′t is simply connected. Hence H
1(V¯ ′t ,Z2) is
trivial. This means that spin structures on the restriction of T V¯ to V¯ ′t are
unique (up to isomorphism). Therefore the restriction of the spin structure
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σV¯ to V¯t is isomorphic to p
∗σF . Restricting the isomorphism toMX , we get
an isomorphism
σV¯ |MX ∼= p∗σF |MX .
The map p is the projection from V¯ ′t to V¯
′
t /S
1
q . Hence there is a natural lift
of the S1q -action to p
∗σF . Therefore σV¯ |MX is the spin structure induced by
the S1q -action.
The proof that σE|MX is induced by the S1q -action is similar. Put
Em = (Vm,C\{0}) ×Tm Vm,R)×S1 Wm.
Then E|V¯ ′t is isomorphic to p∗(E1|V¯1,t1 × E2|V¯2,tm ). As before, we can show
that the restriction σE |V¯ ′t is isomorphic to the pull-back of a spin structure
on E1|V¯1,t1 × E2|V¯2,tm since H
1(V¯ ′t ,Z2) is trivial. Therefore σE|MX is the
spin structure induced by the S1q -action.
Let s be the section of E induced by f = f1 × f2. Since f is S1 × S1-
equivariant, s is S1q -equivariant. Recall that the spin structure on MX is
defined by σV¯ , σE and s. We have seen that these are compatible with the
S1q -actions. Hence the spin structure on MX is the spin structure induced
by the S1q -action. So the spin cobordism class of MX is non-trivial.
We assumed that Mm consists of one point for all m. In general, the
numbers #Mm of points inMm are odd, since the Seiberg-Witten invariants
are odd by the assumption and Remark 27. The quotientMX = f−1(0)/S1
is a union of copies of S1 and the number of components is just equal to the
product
(#M1) · (#M2)
of the numbers of elements of Mm. From the above discussion, the spin
structure on each S1 is the Lie group spin structure. Therefore the spin
cobordism class ofMX is non-trivial in Ωspin1 ∼= Z2. We have done the proof
in the case where n = 2.
The proof of the case n = 3 is similar. Let fm be finite dimensional
approximations associated with ΓXm or −ΓXm for m = 1, 2, 3 and f be a
finite dimensional approximation associated with ΓX = #
3
m=1(±ΓXm). By
Bauer’s connected sum formula ([5]), we may assume that
f = f1 × f2 × f3 : V = V1 × V2 × V3 −→W =W1 ×W2 ×W3
Hence f is T 3 = S1 × S1 × S1-equivariant. We write MX for the quotient
f−1(0)/S1d , where S
1
d is the diagonal of T
3. Since f−1m (0) are unions of copies
32
of S1,
MX =
N∐
T 2
Here N is the product
(#M1) · (#M2) · (#M3)
of the numbers of elements ofMm. The assumption that the Seiberg-Witten
invariants are odd and Remark 27 mean that N is odd. As in the case where
n = 2, what we must show is that the spin structure on each torus is the Lie
group spin structure. To prove this, we need to show the following lemma
which is proved in the similar way to Lemma 29. Note that there are natural
actions of T 2q := T
3/S1d on T V¯ , E.
Lemma 30 The restrictions of the spin structures on T V¯ , E induced by L
to MX are the spin structures induced by the natural T 2q := T 3/S1d-actions
on TV |MX , E|MX .
We leave the detail of the proof of this lemma for the interested reader.
Since f is T 3-equivariant, the sections s of E defined by f is T 2q -
equivariant. The spin structures on MX is defined by the spin structures
on T V¯ , E and the section s and these are compatible with the T 2q -actions.
Hence the spin structures on each component of MX is the Lie group spin
structure. Therefore the spin cobordism class of MX is non-trivial by Fact
28. We have done the proof of Theorem 26.
In particular, Theorem 26 implies the following result:
Theorem 31 For m = 1, 2, 3, let Xm be
• a closed oriented almost complex 4-manifold with b1(Xm) = 0,
b+(Xm) ≡ 3 (mod 4) and SWXm(ΓXm) ≡ 1 (mod 2), where ΓXm
is a spinc structure compatible with the almost complex structure, or
• a closed oriented almost complex 4-manifold with b+(Xm) > 1,
c1(Xm) ≡ 0 (mod 4) and SWXm(ΓXm) ≡ 1 (mod 2), where ΓXm is a
spinc structure compatible with the almost complex structure.
Let X := #nm=1Xm, here n = 2, 3 and ΓX = #
n
m=1(±ΓXm). Here the
signs ± are arbitrary. Fix an orientation O on H1g(X)⊕H+g (X) and choose
a square root L of detC(IndD). Then M associated with the spinc structure
ΓX defines a non-trivial spin cobordism class:
SW spin(ΓX , L) 6≡ 0 ∈ Ωspinn−1.
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Proof. By Theorem 26, it is sufficient to check that the conditions (24) and
(25) hold for each Xm.
When Xm is an almost complex 4-manifold with b1(Xm) = 0, b
+(Xm) ≡
3 mod 4, (24), (25) hold clearly.
Let Xm be an almost complex 4-manifold with c1(Xm) ≡ 0 mod 4. Since
Xm is spin, it follows from Rochlin’s theorem that the signature of Xm can
be divided by 16. The numerical index of spin-c Dirac operators is given by
c21(Xm)− τ(Xm)
8
.
Since c21(Xm) and τ(Xm) are divided by 16, the index is even. Hence Lemma
24 implies that (24) holds. Moreover it follows from the definition of Sij
that (25) is satisfied.
We give examples of 4-manifolds which satisfy the conditions in Theorem
31.
Corollary 32 For m = 1, 2, 3, let Xm be
• a product Σg×Σh of oriented closed surfaces of odd genus g, h ≥ 1, or
• a closed symplectic 4-manifold with b1(Xm) = 0 and b+(Xm) ≡
3 (mod 4), or
• a primary Kodaira surface.
Let ΓXm be the spin
c structures on Xm induced by an almost complex struc-
ture compatible with the symplectic structure. And let X be the connected
sum X := #nm=1Xm for n = 2, 3 and we denote by ΓX a spin
c structure on X
defined by ΓX = #
n
m=1(±ΓXm). Here the signs ± are arbitrary. Fix an ori-
entation O on H1g(X)⊕H+g (X) and choose a square root L of detC(IndD).
Then M associated with the spinc structure ΓX defines a non-trivial spin
cobordism class:
SW spin(ΓX , L) 6≡ 0 ∈ Ωspinn−1.
Proof. By Taubes’s theorem in [74], SW (ΓXm) is equal to ±1, in particular
it is odd.
Let Xm be Σg × Σh with g, h odd. Then c1(LΓXm ) is
2(g − 1)α+ 2(h − 1)β ∈ H2(Xm;Z).
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Here α, β are the generators of H2(Σg;Z), H
2(Σh;Z) respectively. Since g
and h are odd, we have
c1(LΓXm ) ≡ 0 mod 4.
Hence (Xm,Γm) satisfies the second condition in Theorem 31.
Let Xm be a symplectic 4-manifold with b
+ > 1 with b1 = 0, b
+ ≡
3 mod 4. Then (Xm,ΓXm) clearly satisfies the first condition in Theorem
31.
Let Xm be a primary Kodaira surface. This is a symplectic 4-manifold
with c1(Xm) = 0. Hence (Xm,Γm) satisfies the second condition in Theorem
31.
Here we give remarks on almost complex 4-manifolds with c1 = 0, with
b+ > 1 and with SW (ΓX) ≡ 1 mod 2.
Remark 33 Let X be a closed oriented almost complex 4-manifold with
vanishing first Chern class, with b+(X) > 1 and with SW (ΓX) ≡ 1 mod 2.
Then this satisfies the second condition in Theorem 31. We are able to
deduce that there are constraints to the Betti numbers of X as follows. The
4-manifold X must be spin and satisfies c21(LΓX ) = 2χ(X) + 3τ(X) = 0.
Rochlin’s theorem tells us that the signature τ(X) = b+(X)−b−(X) of X is
divided by 16. Hence, τ(X) = 16k holds for some integer k ∈ Z. Namely, we
have b−(X) = b+(X) − 16k. By the direct computation, we have b−(X) =
b+(X) − 16k. By the direct computation, we have 0 = 2χ(X) + 3τ(X) =
4 − 4b1(X) + 5b+(X) − b−(X) = 4 − 4b1(X) + 5b+(X) − (b+(X) − 16k) =
4(1 − b1(X) + b+ + 4k). Hence we get
b1(X) = 1 + b
+ + 4k. (27)
The assumption that SWX(ΓX) ≡ 1 mod 2 implies that b+(X) ≤ 3. In
fact, Bauer [7] proved that SWM (ΓM ) ≡ 0 (mod 2) for all almost complex
4-manifolds M with vanishing first Chern class and with b+(M) ≥ 4 (cf.
[51, 52]). Since we assume that b+(X) > 1 and SWXm(ΓX) ≡ 1 (mod 2),
we have b+(X) = 2 or b+(X) = 3. Notice also that τ(X) = 16k ≤ 0 since
b+(X) ≤ 3.
Suppose that b+(X) = 2. Then, (27) tells us that b1(X) = 3+ 4k. Since
k ≤ 0, we have b1(X) = 3 and k = 0. Equivalently, we have b1(X) = 3 and
τ(X) = 0. In particular, b+(X) − b1(X) = 2− 3 = −1 ≡ 3 (mod 4).
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On the other hand, suppose that b+(X) = 3. By (27), we have b1(X) =
4 + 4k. Since τ(X) = 16k ≤ 0 and b1(X) ≥ 0, we have k = 0 or k = −1.
In the case of k = 0, we have b1(X) = 4 and τ(X) = 0. Hence we have
b+(X) − b1(X) = 3− 4 = −1 ≡ 3 (mod 4). On the other hand, in the case
of k = −1, we have b1(X) = 0 and τ(X) = −16.
We have proved that there are three cases. Indeed, we have
(b+(X), b1(X), τ(X)) = (2, 3, 0), (3, 4, 0), or (3, 0,−16). A primary Kodaira
surface is an example of the first case (2, 3, 0). A 4-torus is an example
of the second case (3, 4, 0). A K3 surface is an example of the third case
(3, 0,−16).
3.2 Non-vanishing theorem
Proposition 17 and Theorem 26 immediately imply the following result which
is nothing but Theorem A:
Theorem 34 For m = 1, 2, 3, let Xm be a closed oriented almost complex
4-manifold with b+(Xm) > 1 and satisfying
b+(Xm)− b1(Xm) ≡ 3 (mod 4).
Let ΓXm be a spin
c structure on Xm which is induced by the almost complex
structure and assume that SWXm(ΓXm) ≡ 1 (mod 2). Under Definition 3,
moreover assume that the following condition holds for each m:
Sij(ΓXm) ≡ 0 mod 2 for all i, j.
Let X = #nm=1Xm and ΓX = #
n
m=1(±ΓXm) for n = 2, 3. Here the signs ±
are arbitrary. Then the connected sum X has a non-trivial stable Seiberg-
Witten invariant for the spinc structure ΓX .
Similarly, it is also clear that Proposition 17 and Theorem 31 tell us that
the following result holds, i.e., Theorem B:
Theorem 35 For m = 1, 2, 3, let Xm be
• a product Σg×Σh of oriented closed surfaces of odd genus h, g ≥ 1, or
• a closed oriented almost complex 4-manifold with b1(Xm) = 0,
b+(Xm) ≡ 3 (mod 4) and SWXm(ΓXm) ≡ 1 (mod 2), where ΓXm
is a spinc structure compatible with the almost complex structure, or
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• a closed oriented almost complex 4-manifold with vanishing first Chern
class, b+(Xm) > 1 and SWXm(ΓXm) ≡ 1 (mod 2), where ΓXm is a
spinc structure compatible with the almost complex structure.
And let X = #nm=1Xm and ΓX = #
n
m=1(±ΓXm) for n = 2, 3. Here the signs
± are arbitrary. Then a connected sum X has a non-trivial stable coho-
motopy Seiberg-Witten invariant for the spinc structure ΓX . In particular,
Conjecture 2 in the case where ℓ = 2 is true.
Finally, Proposition 17 and Corollary 32 also imply
Corollary 36 For m = 1, 2, 3, let Xm be
• a product Σg×Σh of oriented closed surfaces of odd genus h, g ≥ 1, or
• a closed symplectic 4-manifold with b1(Xm) = 0 and b+(Xm) ≡
3 (mod 4), or
• a primary Kodaira surface.
Let ΓXm be the spin
c structures on Xm induced by an almost complex struc-
ture compatible with the symplectic structure. And let X = #nm=1Xm and
ΓX = #
n
m=1(±ΓXm) for n = 2, 3. Here the signs ± are arbitrary. Then
the connected sum X has a non-trivial stable cohomotopy Seiberg-Witten
invariant for the spinc structure ΓX .
4 Various applications of Theorem A
In this section, we shall give various application of Theorem A and Theorem
B.
4.1 Decompositions and exotic smooth structures of con-
nected sums of 4-manifolds
We will give proofs of Theorem C and Theorem D. The key of the proofs is
the following lemma:
Lemma 37 Let Zl be closed, oriented, 4-manifolds with b
+ > 0 for l =
1, 2, . . . and Γl be spin
c structures on Zl. Put Z = #
N
l=1Zl, ΓZ := #
N
l=1Γl
for some N ≥ 0. Assume that the moduli space MSWΓZ (g, η) is not empty for
all Riemannian metrics g and self-dual 2-forms η on Z. Then the virtual
dimension of MSWΓZ (g, η) is larger than or equal to N − 1.
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Proof. To simplify notations we consider the case N = 3. Take points
z1 ∈ Z1, z2, z′2 ∈ Z2, z3 ∈ Z3 and small open disks D1,D2,D′2,D3 centered
at these points. We put
Zˆ1 = (Z1\D1) ∪ S3 × R≥0,
Zˆ2 = S
3 ×R≤0 ∪ (Z2\D2 ∪D′2) ∪ S3 × R≥0,
Zˆ3 = S
3 ×R≤0 ∪ (Z3\D4),
and for each T > 0 we define
Zˆ1(T ) = Zˆ1\S3 × [2T,∞)
Zˆ2(T ) = Zˆ2\
(
S3 × (−∞,−2T ) ∪ S3 × [2T,∞))
Zˆ3(T ) = Zˆ3\S3 × (−∞,−2T ].
There is an identification
ϕT : S
3 × (T, 2T ) ∼= S3 × (−2T,−T )
(y, t) 7−→ (y, t− 3T ).
Gluing Zˆ1(T ), Zˆ2(T ), Zˆ3(T ) by using ϕT , we have a manifold Z(T ) which
is diffeomorphic to the connected sum Z = #3l=1Zl. We take Riemannian
metrics gˆl on Zˆl which coincide with gS3 + dt
2 on the ends. Here gS3 is
the standard metric on S3. These metrics naturally induce a Riemannian
metric g(T ) on Z(T ).
LetMSW
Γˆl
(gˆl, ηˆl) be the moduli spaces of monopoles on Zˆl which converge
to the trivial monopole on S3 for all l. Here Γˆl are spin
c structures on Zˆl
induced by Γl. Since b
+(Zˆl) > 0, we can choose self-dual 2-forms ηˆl such that
MSW
Γˆl
(gˆl, ηˆl) contain no reducible monopoles and are smooth of the expected
dimension or empty. Moreover we may suppose that the supports of ηˆl do
not intersect the ends of Zˆl. (See Proposition 4.4.1 in [57].) Extending ηˆl
trivially, we consider ηˆl as self-dual 2-forms on Z(T ), and we get a self-dual
2-form η(T ) := ηˆ1 + ηˆ2 + ηˆ3 on Z(T ). Then we have
dimMSWΓZ (g(T ), η(T )) =
3∑
l=1
dimMSW
Γˆl
(gˆl, ηˆl) + 2. (28)
Here dimMSWΓZ (g(T ), η(T )), dimMSWΓˆl (gˆl, ηˆl) are the virtual dimensions of
the moduli spaces. This is derived from the excision principle of index of
elliptic differential operators. We can also see this from the theory of gluing
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of monopoles. For large T , coordinates of MSWΓZ (g(T ), η(T )) are given by
coordinates of MSW
Γˆl
(gˆl, ηˆl) and gluing parameters. Since Z(T ) has two
necks, the space of gluing parameters is U(1)×U(1) and it is 2-dimensional.
Hence we have the formula (28).
Let {Tα}∞α=1 be a sequence of positive numbers which diverges to infinity.
By the assumption,MSWΓZ (g(Tα), η(Tα)) are non-empty. Hence we can take
elements [φα, Aα] ∈ MSWΓZ (g(Tα), η(Tα)) for all α. There is a subsequence
{[φα′ , Aα′ ]}α′ which converges to some ([φ∞1 , A∞1 ], [φ∞2 , A∞2 ], [φ∞3 , A∞3 ]) ∈
MSW
Γˆ1
(gˆ1, ηˆ1)×MSWΓˆ2 (gˆ2, ηˆ2)×M
SW
Γˆ3
(gˆ3, ηˆ3). In particular,MSWΓˆl (gˆl, ηˆl) are
non-empty. Since MSW
Γˆl
(gˆl, ηˆl) are non-empty and smooth of the expected
dimension, their virtual dimensions are at least zero. From (28), we have
dimMSWΓZ (g(T ), η(T )) ≥ 2.
The virtual dimension of MSWΓZ (g, η) is independent of g, η, so we have
obtained the required result. The proof for the general case is similar.
We restate Theorem C here.
Theorem 38 Let Xm be closed symplectic 4-manifolds with c1(Xm) ≡
0 (mod 4) for m = 1, 2, 3, and X be a connected sum #nm=1Xm, where
n = 2, 3. Then X can not be written as a connected sum #Nm=1Ym with
b+(Ym) > 0 and with N > n.
Proof. It follows from Theorem B that MSWΓX (g, η) are non-empty for all
g, η. Here ΓX is the connected sum of the spin
c structures ΓXm of Xm
induced by the almost complex structures. Suppose that X has a decom-
position X = #Nm=1Ym with b
+(Ym) > 0 and N > n. Then Lemma 37
implies
dimMSWΓX (g, η) ≥ N − 1.
On the other hand, the dimension of MSWΓX (g, η) is n − 1. Therefore we
have N ≤ n. Since we assumed that N > n, this is a contradiction.
Next we show Theorem D. More precisely we prove the following.
Theorem 39 Let X be a closed, simply connected, non-spin, symplectic 4-
manifold with b+ ≡ 3 mod 4. We denote b+(X), b−(X) by p, q, and put
Y = pCP2#qCP
2
. Let Xm be almost complex 4-manifolds which have the
properties in Theorem A for m = 1, 2, and let X ′ be X1 or the connected
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sum #2m=1Xm. Then the connected sum X#X
′ is homeomorphic to Y#X ′,
but not diffeomorphic to Y#X ′.
Proof. First we show that X#X ′ is homeomorphic to Y#X ′. Let QX be
the intersection form on H2(X,Z). If q is zero, by Donaldson’s theorem [12],
QX is isomorphic to the intersection form of Y = pCP
2. If q is not zero,
then QX is an odd, indefinite, unimodular form. In general, an odd, indef-
inite, unimodular form is diagonalizable. (See, for example, [73].) Hence
QX is isomorphic to the intersection form of Y = pCP
2#qCP
2
. Therefore
X is homeomorphic to Y by Freedman’s theorem [15], and so X#X ′ is
homeomorphic to Y#X ′.
Next we prove that X#X ′ is not diffeomorphic to Y#X ′. Let Γ be the
spinc structure on X#X ′ induced by almost complex structures on X, Xm.
Then the dimension of moduli space associated with Γ is 1 or 2 and it follows
from Theorem A that MSWΓ (g, η) is non-empty for any g, η.
On the other hand, by the assumption that b+(X) ≡ 3 mod 4, Y is the
connected sum pCP2#qCP
2
with p ≥ 3. Hence we can write Y#X ′ as
#4l=1Zl with b
+(Zl) > 0. Suppose that X#X
′ is diffeomorphic to Y#X ′.
Then it follows from Lemma 37 that the dimension of the moduli space
MSWΓ (g, η) is at least 3. Hence we have a contradiction since the dimension
of the moduli space is 1 or 2.
4.2 Adjunction inequality
Let Xi, X be as in Theorem 1. Then the non-vanishing result of the sta-
ble cohomotopy Seiberg-Witten invariants for X implies that the Seiberg-
Witten equations on X have solutions for any Riemannian metrics and per-
turbations (see also subsection 4.3 below). Hence we are able to apply the
arguments of Kronheimer-Mrowka [37] to X and we obtain an estimate for
the genus of embedded surfaces in X as a corollary of Bauer’s non-vanishing
theorem:
Corollary 40 Let Xi and X be as in Theorem 1 and let ΓXi be a spin
c
structure on Xi induced by the complex structure. Let ΓX be a spin
c structure
on X defined by ΓX = #
n
i=1(±ΓXi).Here n = 2, 3 and the signs ± are
arbitrary. Assume that Σ is an embedded surface in X with [Σ] · [Σ] ≥ 0 and
g(Σ) > 0, where g(Σ) is the genus of Σ. Then,
[Σ] · [Σ]− 〈c1(LΓX ), [Σ]〉 ≤ 2g(Σ)− 2.
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The above inequality is called adjunction inequality. Notice that we
assume that b1(Xi) = 0. In the case where b1 6= 0, Theorem A implies the
following result:
Theorem 41 Let Xm and X be as in Theorem A and let ΓXm be a spin
c
structure on Xm induced by the complex structure. Let ΓX be a spin
c struc-
ture on X defined by ΓX = #
n
m=1(±ΓXm). Here n = 2, 3 and the signs ±
are arbitrary. Assume that Σ is an embedded surface in X with [Σ] · [Σ] ≥ 0
and g(Σ) > 0. Then,
[Σ] · [Σ]− 〈c1(LΓX ), [Σ]〉 ≤ 2g(Σ)− 2.
See also [17, 18, 20, 67] for related results. In particular, we notice that
Theorem 41 never follow form adjunction inequalities proved in [17, 18, 20,
67].
By Theorem 41 and Corollary 36, we obtain
Corollary 42 For m = 1, 2, 3, let Xm be
• a product Σh×Σg of oriented closed surfaces of odd genus h, g ≥ 1, or
• a closed symplectic 4-manifold with b1(Xm) = 0 and b+(Xi) ≡ 3 (mod
4), or
• a primary Kodaira surface.
let ΓXm be a spin
c structure on Xm induced by the complex structure. Let
ΓX be a spin
c structure on X defined by ΓX = #
n
m=1(±ΓXm). Here n = 2, 3
and the signs ± are arbitrary. Assume that Σ is an embedded surface in X
with [Σ] · [Σ] ≥ 0 and g(Σ) > 0. Then,
[Σ] · [Σ]− 〈c1(LΓX ), [Σ]〉 ≤ 2g(Σ)− 2.
4.3 Monopole classes and curvature bounds
In this subsection, for the convenience of the reader, following a recent beau-
tiful article [46] of LeBrun, we shall recall firstly curvature estimates arising
Seiberg-Witten monopole equations in terms of the convex hull of the set
of all monopole classes on 4-manifolds. We shall use these estimates in the
rest of this article. The main results in this subsection are Theorems 53 and
54 below.
First of all, let us recall the definition of monopole class [36, 45, 28, 46].
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Definition 43 LetX be a closed oriented smooth 4-manifold with b+(X) ≥
2. An element a ∈ H2(X,Z)/torsion ⊂ H2(X,R) is called monopole class
of X if there exists a spinc structure ΓX with
cR1 (LΓX ) = a
which has the property that the corresponding Seiberg-Witten monopole
equations have a solution for every Riemannian metric on X. Here cR1 (LΓX )
is the image of the first Chern class c1(LΓX ) of the complex line bundle LΓX
in H2(X,R). We shall denote the set of all monopole classes on X by C(X).
Crucial properties of the set C(X) are summarized as follow [46, 28]:
Proposition 44 ([46]) Let X be a closed oriented smooth 4-manifold with
b+(X) ≥ 2. Then C(X) is a finite set. Moreover C(X) = −C(X) holds,
i.e., a ∈ H2(X,R) is a monopole class if and only if −a ∈ H2(X,R) is a
monopole class, too.
Recall that, for any subset W of a real vector space V , one can consider
the convex hull Hull(W ) ⊂ V , meaning the smallest convex subset of V
containing W . Then, Proposition 44 implies
Proposition 45 ([46]) Let X be a closed oriented smooth 4-manifold with
b+(X) ≥ 2. Then the convex hull Hull(C(X)) ⊂ H2(X,R) of C(X) is
compact, and symmetric, i.e., Hull(C(X)) = −Hull(C(X)).
Since C(X) is a finite set, we are able to write as C(X) = {a1, a2, · · · , an}.
The convex hull Hull(C(X)) is then expressed as follows:
Hull(C(X)) = {
n∑
i=1
tiai | ti ∈ [0, 1],
n∑
i=1
ti = 1}. (29)
Notice that the symmetric property tells us that Hull(C(X)) contains the
zero element. On the other hand, consider the following self-intersection
function:
Q : H2(X,R)→ R
which is defined by x 7→ x2 := 〈x ∪ x, [X]〉, where [X] is the fundamental
class of X. Since this function Q is a polynomial function and hence is a con-
tinuous function on H2(X,R). We can therefore conclude that the restric-
tion Q|Hull(C(X)) to the compact subset Hull(C(X)) of H2(X,R) achieves
its maximum. Then we introduce
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Definition 46 ([46]) Suppose that X is a closed oriented smooth 4-
manifold with b+(X) ≥ 2. Let Hull(C(X)) ⊂ H2(X,R) be the convex
hull of the set C(X) of all monopole classes on X. If C(X) 6= ∅, define
β2(X) := max{Q(x) := x2 | x ∈Hull(C(X))}.
On the other hand, if C(X) = ∅ holds, define simply as β2(X) := 0.
Notice again that Hull(C(X)) contains the zero element if C(X) is not
empty. Hence the above definition with this fact implies that β2(X) ≥ 0
holds.
The existence of the monopole classes gives a constraint on the existence
of Riemannian metrics of some type:
Proposition 47 ([46]) Let X be a closed oriented smooth 4-manifold with
b+(X) ≥ 2. If there is a non-zero monopole class a ∈ H2(X,R)− {0}, then
X cannot admit Riemannian metric g of scalar curvature sg ≥ 0.
On the other hand, it is also known that the existence of monopole classes
implies the following family of integral inequalities:
Theorem 48 ([46]) Suppose that X is a closed oriented smooth 4-manifold
with b+(X) ≥ 2. Then any Riemannian metric g on X satisfies the following
curvature estimates: ∫
X
s2gdµg ≥ 32π2β2(X),
∫
X
(
sg −
√
6|W+g |
)2
dµg ≥ 72π2β2(X),
where sg and W
+
g denote respectively the scalar curvature and the self-dual
Weyl curvature of g. If X has a non-zero monopole class and, moreover,
equality occurs in either the first or the second estimate if and only if g is a
Ka¨hler-Einstein metric with negative scalar curvature.
Notice that if X has no monopole class, we define as β2(X) := 0 (see Defi-
nition 46 above). On the other hand, notice also that the left-hand side of
these two curvature estimates in Theorem 48 is always non-negative. There-
fore the result of Theorem 48 holds trivially when X has no monopole class.
Thus, the main problem is to detect the existence of monopole classes. It
is known that the non-triviality of the stable cohomotopy Seiberg-Witten
invariant implies the existence of monopole classes:
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Proposition 49 ([28]) Let X be a closed oriented smooth 4-manifold with
b+(X) ≥ 2 and a spinc structure ΓX . Suppose that BFX(ΓX) is non-trivial.
Then cR1 (LΓX ) is a monopole class.
On the other hand, it is also known that the Bauer’s connected sum formula
[5] implies
Proposition 50 ([28, 6]) Let X be a closed oriented smooth 4-manifold
with b+(X) ≥ 2 and a spinc structure ΓX . Suppose that BFX(ΓX) is non-
trivial. Let N be a closed oriented smooth 4-manifold with b+(N) = 0 and
let ΓN be any spin
c structure on N with c21(LΓN ) = −b2(N). Then the
stable cohomotopy Seiberg-Witten invariant is also non-trivial for the spinc
structure ΓX#ΓN on the connected sum X#N .
Theorem 34 with Propositions 49 and 50 tells us that the following holds
(cf. Proposition 10 in [28]):
Theorem 51 Let Xm be as in Theorem 34 and suppose that N is a closed
oriented smooth 4-manifold with b+(N) = 0 and let E1, E2, · · · , Ek be a set
of generators for H2(N,Z)/torsion relative to which the intersection form
is diagonal. (We can take such generators by Donaldson’s theorem [12].)
Then, for any n = 2, 3,
n∑
m=1
±c1(Xm) +
k∑
r=1
±Er (30)
is a monopole class of M :=
(
#nm=1Xm
)
#N , where c1(Xm) is the first
Chern class of the canonical bundle of the almost-complex 4-manifold Xm
and the ± signs are arbitrary, and are independent of one another.
As a corollary of Theorem 51, we are able to get
Corollary 52 Let Xm, N and M be as in Theorem 51 above. Then, for
any n = 2, 3,
β2(M) ≥
n∑
m=1
c21(Xm). (31)
Proof. First of all, by the very definition, we have
β2(M) := max{Q(x) := x2 | x ∈Hull(C(M))}.
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On the other hand, by (30), we particularly have the following two monopole
classes of M :
a1 :=
n∑
m=1
c1(Xm) +
k∑
r=1
Er, a2 :=
n∑
m=1
c1(Xm)−
k∑
r=1
Er.
By (29), we are able to conclude that
n∑
m=1
c1(Xm) =
1
2
a1 +
1
2
a2 ∈ Hull(C(M)).
We therefore obtain the desired bound:
β2(M) ≥
( n∑
m=1
c1(Xm)
)2
=
n∑
m=1
c21(Xm).
Theorem 48 and Corollary 52 imply an important result for our purpose:
Theorem 53 Let Xm be as in Theorem 34 and suppose that N is a closed
oriented smooth 4-manifold with b+(N) = 0. Consider a connected sum
M :=
(
#nm=1Xm
)
#N , where n = 2, 3. Then any Riemannian metric g on
M satisfies the following curvature estimates:∫
M
s2gdµg ≥ 32π2
n∑
m=1
c21(Xm), (32)
∫
M
(
sg −
√
6|W+g |
)2
dµg ≥ 72π2
m∑
n=1
c21(Xm). (33)
On the other hand, recall that, for any closed oriented Riemannian 4-
manifold (X, g), we have the following Gauss-Bonnet-type formula [25, 8,
75]:
2χ(X) + 3τ(X) =
1
4π2
∫
X
(
2|W+g |2 +
s2g
24
− |
◦
rg |2
2
)
dµg, (34)
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where W+g is the self-dual part of the Weyl curvature of g and
◦
rg is the
trace-free part of the Ricci curvature rg of g. We also have∫
X
|rg|2dµg =
∫
X
(s2g
4
+ | ◦rg |2
)
dµg.
We therefore have the following equality for any Riemannian metric g on X:∫
X
|rg|2dµg =
∫
X
(s2g
3
+ 4|W+g |2
)
dµg − 8π2
(
2χ(X) + 3τ(X)
)
. (35)
On the other hand, the Cauchy-Schwarz and triangle inequalities [45] tell us
that the following inequality holds:∫
X
(s2g
3
+ 4|W+g |2
)
dµg ≥ 2
9
∫
M
(
sg −
√
6|W+g |
)2
dµg. (36)
By using (33), (35) and (36), we are able to prove
Theorem 54 Let Xm be as in Theorem 34 and suppose that N is a closed
oriented smooth 4-manifold with b+(N) = 0. Consider a connected sum
M :=
(
#nm=1Xm
)
#N , where n = 2, 3. Then any Riemannian metric g on
M satisfies∫
M
|rg|2dµg ≥ 8π2
[
4n−
(
2χ(N) + 3τ(N)
)
+
n∑
m=1
c21(Xm)
]
. (37)
Proof. A direct computation tells us that
2χ(M) + 3τ(M) = −4n+
(
2χ(N) + 3τ(N)
)
+
n∑
m=1
(
2χ(Xm) + 3τ(Xm)
)
= −4n+
(
2χ(N) + 3τ(N)
)
+
n∑
m=1
c21(Xm).
This formula, (35) and (36) imply∫
M
|rg|2dµg ≥ 2
9
∫
M
(
sg −
√
6|W+g |
)2
dµg
− 8π2
[
− 4n +
(
2χ(N) + 3τ(N)
)
+
n∑
m=1
c21(Xm)
]
.
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By this bound and (33), we have∫
M
|rg|2dµg ≥ 2
9
(
72π2
m∑
n=1
c21(Xm)
)
+ 8π2
[
4n−
(
2χ(N) + 3τ(N)
)
−
n∑
m=1
c21(Xm)
]
.
This immediately implies the desired bound.
4.4 Computation of several differential geometric invariants
In this section, we shall compute the values of several differential geometric
invariants. The main results in this subsection are Theorems G and H stated
below.
As one of interesting differential geometric invariants, there exists a nat-
ural diffeomorphism invariant arising from a variational problem for the
total scalar curvature of Riemannian metrics on a closed oriented Rieman-
nian manifold X of dimension n ≥ 3. As was conjectured by Yamabe
[80], and later proved by Trudinger, Aubin, and Schoen [2, 47, 71, 77],
every conformal class on a smooth compact manifold contains a Rieman-
nian metric of constant scalar curvature. Hence, for each conformal class
[g] = {vg | v : X → R+}, we are able to consider an associated number Y[g],
which is so called Yamabe constant of the conformal class [g] and defined
by
Y[g] = inf
h∈[g]
∫
X sh dµh(∫
X dµh
)n−2
n
,
where sh is the scalar curvature of the metric h and dµh is the volume form
with respect to the metric h. The Trudinger-Aubin-Schoen theorem tells
us that this number is actually realized as the constant scalar curvature of
some unit volume metric in the conformal class [g]. Then, Kobayashi [32]
and Schoen [72] independently introduced the following interesting invariant
of X:
Y(X) = sup
C
Y[g],
where C is the set of all conformal classes on X. This is now commonly
known as the Yamabe invariant of X. It is known that Y(X) ≤ 0 if and
only if X does not admit a metric of positive scalar curvature.
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The Yamabe invariant Y(X) is closely related with the diffeomorphism
invariant defined [9, 45] by
Is(X) := inf
g∈RX
∫
X
|sg|n/2dµg, (38)
where the space of all Riemannian metrics on X is denoted by RX . It is
known that the invariant Is vanishes for every simply connected n-manifold
with n ≥ 5. Moreover, for every closed n-manifold with n ≥ 3 admitting
non-negative scalar curvature i.e., Y(X) ≥ 0, we have the following [43]:
Is(X) = 0. (39)
On the other hand, Proposition 12 in [28] tells us that the following equality
holds whenever Y(X) ≤ 0:
Is(X) = |Y(X)|n/2. (40)
Hence, the invariant Is(X) of a closed 4-manifold X with Y(X) ≤ 0 is just
Is(X) = |Y(X)|2 = inf
g∈RX
∫
X
s2gdµg. (41)
On the other hand, consider the following quantity:
K(X) := sup
g∈RX
(
(min
x∈X
sg)(volg)
n/2
)
, (42)
where volg =
∫
Xdµg is the total volume with respect to g. Kobayashi [32]
pointed out that the following equality holds whenever Y(X) ≤ 0:
K(X) = Y(X). (43)
It is now clear that the scalar curvature bound (32) in Theorem 53, (41)
and (43) imply
Proposition 55 Let Xm, N and M be as in Theorem 53. Then, for n =
2, 3,
Is(M) = |Y(M)|2 = |K(M)|2 ≥ 32π2
n∑
m=1
c21(Xm).
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Proof. Notice that there is nothing to prove when
∑n
m=1 c
2
1(Xm) ≤ 0.
Hence we may assume that
∑n
m=1 c
2
1(Xm) > 0. Then the connected sum M
has non-zero monopole classes by Theorem 51. This fact and Proposition
47 force that the connected sum M cannot admit any Riemannian metric
g of scalar curvature sg ≥ 0. Thanks to a result of Kobayashi [32], it is
known that, for any closed n-manifold X with n ≥ 3 has Y(X) > 0 if and
only if X admits a metric of positive scalar curvature. Hence, we are able
to conclude that the connected sum M in question must satisfy Y(M) ≤ 0.
This fact, (32) in Theorem 53, (41) and (43) imply the desired result:
On the other hand, Proposition 13 in [28] tells us that
Is(X#Y ) ≤ Is(X) + Is(Y ), (44)
whereX and Y are any closed smooth manifolds with n ≥ 3. Proposition 55,
(39) and (44) imply the following result which can be seen as a generalization
of both Theorems A and B in [28] to the case where b1 6= 0:
Theorem G Let N be a closed oriented smooth 4-manifold with b+(N) = 0
and with a Riemannian metric of non-negative scalar curvature. For m =
1, 2, 3, let Xm be a minimal Ka¨hler surface with b
+(Xm) > 1 and satisfying
b+(Xm)− b1(Xm) ≡ 3 (mod 4).
Let ΓXm be a spin
c structure on Xm which is induced by the Ka¨hler structure.
Under Definition 3, moreover assume that the following condition holds for
each m:
Sij(ΓXm) ≡ 0 mod 2 for all i, j.
Then, for n = 2, 3, a connected sum M := (#nm=1Xm)#N satisfies
Is(M) = |Y(M)|2 = |K(M)|2 = 32π2
n∑
m=1
c21(Xm). (45)
In particular, the Yamabe invariant of M is given by
Y(M) = −4π
√√√√2 n∑
m=1
c21(Xm).
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Proof. First of all, notice that we have
Is(N) = 0 (46)
by the assumption that N admits a metric of non-negative scalar curvature
and (39). Moreover, LeBrun [42, 43] showed that, for any minimal compact
Ka¨hler surface X with b+(X) > 1, the following holds:
Is(X) = |Y(X)|2 = |K(X)|2 = 32π2c21(X)
This fact with the bounds (46) and (44) implies that
Is(M) = |Y(M)|2 = |K(M)|2 ≤ 32π2
n∑
m=1
c21(Xm).
Proposition 55 with this bound tells us that the desired equality holds as
promised.
On the other hand, instead of scalar curvature, it is so natural to consider
the following Ricci curvature version of (38):
Ir(X) := inf
g∈RX
∫
X
|rg|n/2dµg. (47)
Here rg is again the Ricci curvature of g. It is known [45] that there is the
following relation between (38) and (47):
Ir(X) ≥ n−n/4Is(X), (48)
and that equality holds if the Yamabe invariant is both non-positive and re-
alized by an Einstein metric. The failure of the equality gives a quantitative
obstruction to Yamabe’s program for finding Einstein metrics. Therefore,
it is quite interesting to investigate when the above inequality (48) becomes
strict.
By using Theorem 54 and the same method with the proof of Theorem
C in [28], we are able to obtain the following interesting result:
Theorem H Let N be a closed oriented smooth 4-manifold with anti-self-
dual metric of positive scalar curvature. For m = 1, 2, 3, let Xm be a minimal
Ka¨hler surface as in Theorem G. Then, for any n = 2, 3, a connected sum
M := (#nm=1Xm)#N satisfies
Ir(M) = 8π2
[
4n−
(
2χ(N) + 3τ(N)
)
+
n∑
m=1
c21(Xm)
]
. (49)
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We leave, as an exercise, the detail of the proof of Theorem H for the
interested reader. Use Theorem 54 and the strategy of the proof of Theorem
C in [28]. We also notice that Theorem H in the case where b1(Xm) 6= 0
never follows from Theorem C in [28].
The above hypotheses regarding N and Proposition 1 in [40] force that
b+(N) = 0. Hence we have
2χ(N)+ 3τ(N) = 4− 4b1(N)+ 5b+(N)− b−(N) = 4− 4b1(N)− b−(N) ≤ 4.
By this fact, (45) and (49), we are able to conclude that the strict inequality
holds whenever n = 2, 3:
Ir(M) > 1
4
Is(M).
Hence, the Yamabe sup-inf on this connected sums never realized by an
Einstein metric.
On the other hand, since the connected sum kCP
2
#ℓ(S1 × S3) admits
anti-self-dual metrics of positive scalar curvature [29, 41], Theorem H par-
ticularly implies
Corollary 56 Let Xm be a minimal Ka¨hler surface as in Theorem G. Then,
for any n = 2, 3, and any integers k, ℓ ≥ 0,
Ir
(
(#nm=1Xm)#kCP
2
#ℓ(S1 × S3)
)
= 8π2
[
k + 4(n + ℓ− 1) +
n∑
m=1
c21(Xm)
]
.
4.5 Invariant arising from a variant of Perelman’s F-
functional
The main results of this subsection are Theorem 65 and Theorem 66 below.
Theorem 66 is nothing but Theorem E stated in Introduction.
Let us start with recalling the definition of Pelerman’s F-functional [63,
64, 31]. Let X be a closed oriented Riemannian manifold of dimension n ≥ 3
and g be any Riemannian metric on X. We shall denote the space of all
Riemannian metrics on X by RX and the space of all C∞ functions on X
by C∞(X). Then, the F-functional which was introduced by Perelman [63]
is the following functional F : RX × C∞(X)→ R defined by
F(g, f) :=
∫
X
(sg + |∇f |2)e−fdµg, (50)
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where f ∈ C∞(X), sg is the scalar curvature and dµg is the volume measure
with respect to g. One of the fundamental discovery of Perelman is that
the Ricci flow can be viewed as the gradient flow of F-functional. Moreover
the F-functional is nondecreasing under the following coupled version of the
Ricci flow:
∂
∂t
g = −2Ricg, ∂
∂t
f = −∆f − s+ |∇f |2, (51)
where Ricg is the Ricci curvature and s is the scalar curvature of the eval-
uating metric. It is then known that, for a given metric g, there exists a
unique minimizer of the F-functional under the constraint ∫ Xe−fdµg = 1.
Hence it is so natural to consider the following functional λ : RX → R which
is so called Perelman λ-functional:
λ(g) := inf
f
{F(g, f) |
∫
X
e−fdµg = 1}.
It turns out that λ(g) is nothing but the least eigenvalue of the elliptic op-
erator 4∆g + sg, where ∆ = d
∗d = −∇ ·∇ is the positive-spectrum Laplace-
Beltrami operator associated with g. The nondecreasing of the F-functional
implies the nondecreasing of λ-functional. This also has a fundamental im-
portance. In fact, Perelman used this fact to prove the non-existence of non-
trivial steady and expanding Ricci breathers. Now, following Perelman, let
us consider the scale-invariant quantity λ(g)(volg)
2/n, where volg :=
∫
Xdµg.
Then let us recall
Definition 57 ([63, 64, 31]) Perelman’s λ¯ invariant of X is defined to be
λ¯(X) = sup
g∈RX
λ(g)(volg)
2/n.
It turns our that, for any X which dose not admit positive scalar curvature
metric, λ¯(X) = Y(X) always holds [1], where Y(X) is the Yamabe invariant
of X.
In this subsection, inspired by recent interesting works of Cao [10] and Li
[48], we would like to introduce one parameter family λ¯k of smooth invari-
ants, where k ∈ R. We shall call this invariant λ¯k invariant. In particular, λ¯k
invariant includes Perelman’s λ¯ invariant as a special case. Indeed, λ¯1 = λ¯
holds as we shall see below.
We shall start with introducing the following definition which is essen-
tially due to Li [48]. The definition in the case where k ≥ 1 is nothing
but Definition 41 in [48]. We notice that the following definition was also
appeared as the equality (8) in [61]:
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Definition 58 ([48, 61]) Let X be a closed oriented Riemannian manifold
with dimension ≥ 3. Then, we define the following variant Fk : RX ×
C∞(X)→ R of the Perelman’s F-functional:
Fk(g, f) :=
∫
X
(
ksg + |∇f |2
)
e−fdµg, (52)
where k is a real number k ∈ R. We shall call this Fk-functional.
Notice that F1-functional is nothing but Perelman’s F-functional (50). Li
[48] showed that all functionals Fk with k ≥ 1 have the monotonicity prop-
erties under the coupled system (51).
Remark 59 It is not clear, at least for the present authors, that if these
Fk-functional have the monotonicity properties under the coupled system
(51) in the case where k < 1. In fact, the proof of Li [48] breaks down in
the case where k < 1. See the proof of Theorem 42 in [48].
As was already mentioned in [48, 31] essentially, for a given metric g
and k ∈ R, there exists a unique minimizer of the Fk-functional under the
constraint
∫
Xe
−fdµg = 1. In fact, by using a direct method of the elliptic
regularity theory [22], one can see that the following infimum is always
attained:
λ(g)k := inf
f
{Fk(g, f) |
∫
X
e−fdµg = 1}.
Notice that λ(g)k is nothing but the least eigenvalue of the elliptic operator
4∆g + ksg. It is then natural to introduce the following quantity:
Definition 60 For any real number k ∈ R, the λ¯k invariant of X is defined
to be
λ¯k(X) = sup
g∈RX
λ(g)k(volg)
2/n.
It is clear that λ¯1 = λ¯ holds. The λ¯k invariant is also closely related to the
Yamabe invariant. Indeed, we shall prove the following result which can be
seen as a generalization of Theorem A proved in [1]:
Proposition 61 Suppose that X is a smooth closed n-manifold, n ≥ 3.
Then the following holds:
λ¯k(X) =
{
kY(X) if Y(X) ≤ 0 and k ≥ n−2n−1 ,
+∞ if Y(X) > 0 and k > 0.
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Let us include the proof of Proposition 61 for completeness and for the
reader’s convenience.
Suppose now that X is a closed oriented Riemannian manifold of di-
mension n ≥ 3, and moreover that γ := [g] = {ug | u : X → R+} is
the conformal class of an arbitrary metric g. As was already mentioned,
Trudinger, Aubin, and Schoen [2, 47, 71, 77] proved every conformal class
on X contains a Riemannian metric of constant scalar curvature. Such a
metric gˆ can be constructed by minimizing the Einstein-Hilbert functional:
gˆ 7→
∫
X sgˆ dµgˆ(∫
X dµgˆ
)n−2
n
,
among all metrics conformal to g. Notice that, by setting gˆ = u4/(n−2)g, the
following identity holds:∫
X sgˆ dµgˆ(∫
X dµgˆ
)n−2
n
=
∫
X
[
sgu
2 + 4n−1n−2 |∇u|2
]
dµg(∫
X u
2n/(n−2)dµg
)(n−2)/n .
Associated to each conformal class γ := [g], we are also able to define the
Yamabe constant of the conformal class γ in the following way:
Yγ = inf
u∈C∞+ (X)
∫
X
[
sgu
2 + 4n−1n−2 |∇u|2
]
dµg(∫
X u
2n/(n−2)dµg
)(n−2)/n , (53)
where C∞+ (X) is the set of all positive functions u : X → R+. Trudinger-
Aubin-Schoen theorem teaches us that this number is actually realized as
the constant scalar curvature of some unit-volume metric in each conformal
class γ. A constant-scalar-curvature metric of this type is called a Yamabe
minimizer. Again, the Yamabe invariant [32, 72] of X is then given by
Y(X) = sup
γ∈C
Yγ , (54)
where C is the set of all conformal classes on X.
We are now in a position to prove the following lemma. We shall use the
following to prove Proposition 61:
Lemma 62 Suppose that γ is a conformal class on a closed oriented Rie-
mannian manifold X of dimension n ≥ 3, which does not contain a metric
of positive scalar curvature, i.e., Yγ ≤ 0. Then
Yγ =
1
k
(
sup
g∈γ
λ(g)k(volg)
2/n
)
, (55)
54
where k is a real number satisfying k ≥ n−2n−1 .
Proof. Let g ∈ γ, and let gˆ = u4/(n−2)g be the Yamabe minimizer in γ. By
(53) and the hypothesis that Yγ ≤ 0, we have
0 ≥ Yγ =
∫
X
[
sgu
2 + 4n−1n−2 |∇u|2
]
dµg(∫
X u
2n/(n−2)dµg
)(n−2)/n .
Namely,
0 ≥
∫
X
[
sgu
2 + 4
n− 1
n− 2 |∇u|
2
]
dµg = Yγ
(∫
X
u2n/(n−2)dµg
)(n−2)/n
. (56)
On the other hand, the eigenvalue λ(g)k can be expressed in terms of Raleigh
quotient as
λ(g)k = inf
u∈C∞+ (X)
∫
X
[
ksgu
2 + 4|∇u|2] dµg∫
X u
2dµg
.
Thus
λ(g)k
∫
X
u2dµg ≤
∫
X
[
ksgu
2 + 4|∇u|2] dµg = k( ∫
X
[
sgu
2 + 4
1
k
|∇u|2
]
dµg
)
≤ k
( ∫
X
[
sgu
2 + 4
n− 1
n− 2 |∇u|
2
]
dµg
)
,
where we used the hypothesis that k ≥ n−2n−1 , i.e., 1k ≤ n−1n−2 . This bound and
(56) tells us that
λ(g)k
∫
X
u2dµg ≤ kYγ
(∫
u2n/(n−2)dµg
)(n−2)/n
≤ kYγ(volg)−2/n
∫
u2dµ
where notice that, since Yγ ≤ 0, the last step is an the application of the
Ho¨lder inequality∫
f1f2 dµ ≤
(∫
|f1|pdµ
)1/p(∫
|f2|qdµ
)1/q
,
1
p
+
1
q
= 1,
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with f1 = 1, f2 = u
2, p = n/2, and q = n/(n− 2). Moreover, equality holds
precisely when u is constant, namely, precisely when g has constant scalar
curvature. Since we shows that
1
k
λ(g)k(volg)
2/n ≤ Yγ
for every g ∈ γ, and since equality occurs if g is the Yamabe minimizer, it
follows that
Yγ =
1
k
(
sup
g∈γ
λ(g)k(volg)
2/n
)
.
The proof of Lemma 62 tells us that, under Y(X) ≤ 0 and any real num-
ber k ≥ n−2n−1 , each constant scalar curvature metric maximizes 1kλk(vol)2/n
in its conformal class. Given any maximizing sequence gˆi for
1
kλk(vol)
2/n,
we may construct a new maximizing sequence gi consisting of unit volume
constant scalar curvature metrics by conformal rescaling. However, for any
such sequence, the constant number sgi is viewed either as {Y[gi]} or as
{ 1kλ(gi)k(vol)
2/n
gi }. Therefore, we are able to conclude that the suprema
over the space of all Riemannian metrics of Y[g] and
1
kλ(gk(vol)
2/n
g must coin-
cide, namely, Y(X) = 1k λ¯k(X) must holds in this case, i.e., kY(X) = λ¯k(X).
Therefore, it is enough to prove the following lemma in order to prove Propo-
sition 61:
Lemma 63 If Y(X) > 0, then λ¯k(X) = +∞ for any positive real number
k > 0.
Proof. Given such a manifold X with Y(X) > 0 and any smooth non-
constant function f : X → R, Kobayashi [32] has shown that there exists a
unit-volume metric g on M with sg = f . The claim of this lemma follows
from this result of Kobayashi. First of all, for any sufficiently large positive
constant L, take a smooth non-constant function f : X → R such that
minx f ≥ L. Then the above result of Kobayashi tells us that there is a
metric g on M with sg = f and volg = 1. Notice that minx sg = minx f ≥ L
holds. For this metric g, the eigenvalue λ(g)k can be expressed in terms of
Raleigh quotient as
λ(g)k = inf
u∈C∞+ (X)
∫
X
[
ksgu
2 + 4|∇u|2] dµg∫
X u
2dµg
. (57)
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On the other hand, we have∫
X
[
ksgu
2 + 4|∇u|2] dµg∫
Xu
2dµg
≥
∫
Xksgu
2dµg∫
Xu
2dµg
≥
∫
Xk(minx sg)u
2dµg∫
Xu
2dµg
=
k(minx sg)
∫
Xu
2dµg∫
Xu
2dµg
= k(min
x
sg) = k(min
x
f)
≥ kL.
This bound and (57) imply that
λ(g)k ≥ kL.
Since volg = 1, this bound tells us the following holds:
λ¯k(X) := sup
g
λ(g)k(volg)
n/2 ≥ sup
g,volg=1
λ(g)k(volg)
n/2 ≥ kL.
Therefore, we obtain
λ¯k(X) ≥ kL.
Thus, taking L→ +∞, λ¯k(X) = +∞ holds for any k > 0.
We therefore proved Proposition 61.
Remark 64 Notice that the Yamabe invariant of any closed smooth mani-
fold is always finite. For example, it is known that Y(CP 2) = 12π√2 holds.
On the other hand, Lemma 63 tells us that λ¯k(CP
2) = +∞ holds for any
k > 0.
In particular, (40), (43) and Proposition 61 tell us that the following
result holds, where notice that any manifold M which dose not admit any
Riemannian metric of positive scalar curvature must satisfy Y(M) ≤ 0:
Theorem 65 Let X be a smooth compact n-manifold with n ≥ 3 and as-
sume that X dose not admit any Riemannian metric of positive scalar cur-
vature. Then, for any real number k with k ≥ n−2n−1 , the following holds:
Is(M) = |Y(M)|
n
2 = |K(M)|n2 =
∣∣∣ λ¯k(M)
k
∣∣∣n2 . (58)
Theorem G and Theorem 65 immediately imply Theorem E which was
already mentioned in Introduction. More precisely, we have
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Theorem 66 Let N be a closed oriented smooth 4-manifold with b+(N) = 0
with a Riemannian metric of non-negative scalar curvature. For m = 1, 2, 3,
let Xm be a minimal Ka¨hler surface with b
+(Xm) > 1 and satisfying
b+(Xm)− b1(Xm) ≡ 3 (mod 4).
Let ΓXm be a spin
c structure on Xm which is induced by the Ka¨hler structure.
Under Definition 3, moreover assume that the following condition holds for
each m:
Sij(ΓXm) ≡ 0 mod 2 for all i, j.
Then, for any n = 2, 3 and any real number k ≥ 23 , a connected sum M :=
(#nm=1Xi)#N satisfies
Is(M) = |Y(M)|2 = |K(M)|2 =
∣∣∣ λ¯k(M)
k
∣∣∣2 = 32π2 n∑
m=1
c21(Xm).
In particular, λk-invariant of M is given by
λ¯k(M) = −4kπ
√√√√2 n∑
m=1
c21(Xm).
On the other hand, it is now well known that the value of the Yamabe
invariant is sensitive to the choice of smooth structures of a four-manifold.
By using Theorem 65 and a result in [42], we are able to prove the following
result. This result can be seen as a generalization of Theorem 5 in [35]:
Corollary 67 The number of distinct values that the following four invari-
ants can take on the smooth structures in a fixed homeomorphism type of
simply connected 4-manifolds X is unbounded:
• The Yamabe invariant Y(X),
• the invariant Is(X) arising from the scalar curvature,
• the invariant K(X),
• the λ¯k-invariant λ¯k(X) for a real number k satisfying k ≥ 23 .
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Proof. By Theorem 65, we have
Is(M) = |Y(M)|2 = |K(M)|2 =
∣∣∣ λ¯k(M)
k
∣∣∣2. (59)
Hence, in order to prove the statement of this corollary, it is enough to prove
the claim for the Yamabe invariant. First of all, let us recall that LeBrun
[42] proved that the Yamabe invariant of any minimal complex surface M
of general type satisfies
Y(M) = Y(M#ℓCP 2) = −4π
√
2c21(M) < 0, (60)
where ℓ ≥ 0. In what follows, we shall use the method of the proof of
Theorem 5 in [35]. For the reader’s convenience, we shall reproduce the ar-
gument. Using the standard result [66] on the geography on minimal surface
of general type, for every integer n, one can always find positive integers α
and β satisfying the property that all pairs of integers (α− j, β + j), where
1 ≤ j ≤ n, are realized as pairs (c2(Xj), c21(Xj)) of Chern numbers of some
simply connected minimal complex surface Xj of general type. Consider
the j-times blowup Mj of Xj , i.e., Mj = Xj#jCP 2. Then all these Mj ,
where 1 ≤ j ≤ n, are simply connected, non-spin and have the same Chern
numbers (α, β). Hence, Freedman [15] tells us that they must be homeo-
morphic to each other. On the other hand, equality (60) implies that Mj
have pairwise different Yamabe invariants, i.e.,
Y(Mj) = Y(Xj#ℓCP 2) = Y(Xj) = −4π
√
2c21(Xj) = −4π
√
2(β + j).
By using this and (59), the desired result now follows.
Remark 68 As Corollary 67 above, let us here remark that all the results
in [35] for the Perelman’s λ¯ invariant also holds for the above four invariants,
i.e., Is(X), Y(X),K(X) and λk(X), where k ≥ 23 , without serious change
of the proof. We leave this for the interested reader.
4.6 Einstein metrics, simplicial volumes, and smooth struc-
tures
In this section, we shall prove Theorem F which was already mentioned in
Introduction.
First of all, we shall show that Theorem 53 and the method of the proof
of Theorem D in [28] give rise to a new obstruction to the existence of
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Einstein metrics on 4-manifolds. The following theorem includes interesting
cases which cannot be derived from Theorem D in [28]:
Theorem I Let N be a closed oriented smooth 4-manifold with b+(N) = 0.
For m = 1, 2, 3, let Xm be a closed oriented almost complex 4-manifold with
b+(Xm) > 1 and satisfying
b+(Xm)− b1(Xm) ≡ 3 (mod 4).
Let ΓXm be a spin
c structure on Xm which is induced by the almost complex
structure and assume that SWXm(ΓXm) ≡ 1 (mod 2). Under Definition 3,
moreover assume that the following condition holds for each m:
Sij(ΓXm) ≡ 0 mod 2 for all i, j.
Then a connected sum M := (#nm=1Xm)#N , where n = 2, 3, cannot admit
any Einstein metric if the following holds:
4n−
(
2χ(N) + 3τ(N)
)
≥ 1
3
n∑
m=1
(
2χ(Xm) + 3τ(Xm)
)
. (61)
Proof. First of all, a direct computation tells us that
2χ(M) + 3τ(M) = −4n+
(
2χ(N) + 3τ(N)
)
+
n∑
m=1
(
2χ(Xm) + 3τ(Xm)
)
.(62)
On the other hand, notice that the condition that b+(N) = 0 forces that
2χ(N)+ 3τ(N) = 4− 4b1(N)+ 5b+(N)− b−(N) = 4− 4b1(N)− b−(N) ≤ 4.
Hence we always have
− 4n+ (2χ(N) + 3τ(N)) < 0 (63)
when n = 2, 3.
Now assume that
∑n
m=1(2χ(Xm) + 3τ(Xm)) ≤ 0. Then, by (62) and
(63), we have
2χ(M) + 3τ(M) < 0. (64)
Notice that any Einstein 4-manifold must satisfy the Hitchin-Thorpe in-
equality (3). Hence, in the case where
∑n
m=1(2χ(Xm)+3τ(Xm)) ≤ 0, we are
able to conclude thatM cannot admit any Einstein metric by (64). Let us re-
mark that, (61) holds trivially in the case where
∑n
m=1(2χ(Xm)+3τ(Xm)) ≤
0 because we have 4n− (2χ(N) + 3τ(N)) > 0.
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By the above observation, we may assume that
∑n
m=1(2χ(Xm) +
3τ(Xm)) > 0 holds. In particular, Theorem A or Theorem 51 tells us that
the connected sum M has non-zero monopole classes.
As was already noticed in [45, 28], we have the following inequality for
any Riemannian metric g on M (cf. Proposition 3.1 in [45]):∫
M
(
2|W+g |2 +
s2g
24
)
dµg ≥ 1
27
∫
M
(
sg −
√
6|W+g |
)2
dµg.
This fact, the existence of non-zero monopole classes onM and the curvature
bound (33) in Theorem 53 imply the following bound for any Riemannian
metric g on M :
1
4π2
∫
M
(
2|W+g |2 +
s2g
24
)
dµg >
2
3
n∑
m=1
(
2χ(Xm) + 3τ(Xm)
)
, (65)
where notice that M has non-zero monopole class and M cannot admit any
symplectic structure. This and Theorem 48 force that the above inequality
must be strict.
On the other hand, by the definition, any Einstein 4-manifold (X, g) must
satisfy
◦
rg≡ 0, where ◦rg is again the trace-free part of the Ricci curvature rg
of g. Therefore, the equality (34) implies
2χ(X) + 3τ(X) =
1
4π2
∫
X
(
2|W+g |2 +
s2g
24
)
dµg.
Suppose now that the connected sum M admit an Einstein metric g. Then
the left-hand side of the above inequality (65) is nothing but 2χ(M)+3τ(M).
By combining (65) with (62), we are able to obtain
4n−
(
2χ(N) + 3τ(N)
)
<
1
3
n∑
m=1
(
2χ(Xm) + 3τ(Xm)
)
.
By contraposition, we get the desired result.
On the other hand, let us recall the definition of simplicial volume due
to Gromov [24]. Let M be a closed manifold. We denote by C∗(M) :=∑∞
k=0Ck(M) the real coefficient singular chain complex of M . A chain
c ∈ Ck(M) is a finite combination
∑
riσi of singular simplexes σi : ∆
k →M
with real coefficients ri. We define the norm |c| of c by |c| :=
∑ |ri| ≥ 0. If
[α] ∈ H∗(M,R) is any homology class, then the norm ||α|| of [α] is define as
||α|| := inf{|a| : [a] ∈ H∗(M,R), [a] = [α]},
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where the infimum is taken over all cycles representing α. Suppose that M
is moreover oriented. Then we have the fundamental class [M ] ∈ Hn(M,R)
of M . We then define the simplicial volume of M by ||M ||. It is known that
any simply connected manifold M satisfies ||M || = 0. For the product of
compact oriented manifolds, Gromov pointed out (see p.10 of [24]) that the
simplicial volume is essentially multiplicative. Indeed, there are universal
constants cn depending only on the dimension n of the product M1 ×M2
such that
c−1n ||M1|| · ||M2|| ≤ ||M1 ×M2|| ≤ cn||M1|| · ||M2|| (66)
On the other hand, for the connected sum, we have the following formula
(cf [8]):
||M1#M2|| = ||M1||+ ||M2|| (67)
We shall use the following to prove Theorem F:
Lemma 69 Let Xm be a closed oriented simply connected 4-manifold and
consider a connected sum:
M := (#mXm)#k(Σh × Σg)#ℓ1(S1 × S3)#ℓ2CP 2,
where g, h ≥ 1, m,k ≥ 1 and ℓ1, ℓ2 ≥ 0. Then the simplicial volume of M
satisfies the following bound:
16c−14 k(g − 1)(h − 1) ≤ ||M || ≤ 16c4k(g − 1)(h − 1), (68)
where c4 is the positive universal constant depending only on the dimension
of the product Σh × Σg. On the other hand, we have
2χ(M) + 3τ(M) =
(∑
m
2χ(Xm) + 3τ(Xm)
)
+ 4k(g − 1)(h − 1)
− 4(m+ k + ℓ1)− ℓ2,
2χ(M)− 3τ(M) =
(∑
m
2χ(Xm)− 3τ(Xm)
)
+ 4k(g − 1)(h − 1)
− 4(m+ k + ℓ1) + 5ℓ2.
Proof. First of all, as was already noticed in [24], any closed surface Σg of
genus g ≥ 2 satisfies
||Σg|| = −2χ(Σg) = 4(g − 1).
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The bounds (66) and (67) together imply the following bound on the sim-
plicial volume of a connected sum k(Σg × Σh) of k-copies of the product
Σg × Σh:
16c−14 k(g − 1)(h − 1) = kc−14 ||Σg|| · ||Σh|| ≤ ||k(Σg × Σh)|| = k||Σg ×Σh||
≤ kc4||Σg|| · ||Σh|| = 16c4k(g − 1)(h − 1).
Now, consider the connected sum M := (#mXm)#k(Σh ×Σg)#ℓ(S1 × S3).
By the formula (67), we are able to conclude that ||M || = k||Σg×Σh|| holds,
where notice that ||#mXm|| = 0, ||S1×S3|| = 0 and ||CP 2|| = 0. Therefore
we are able to obtain the following bound on the simplicial volume of M :
16c−14 k(g − 1)(h − 1) ≤ ||M || ≤ 16c4k(g − 1)(h − 1).
On the other hand, one can easily derive the formulas on 2χ(M) + 3τ(M)
and 2χ(M) − 3τ(M) by simple direct computations, where note that
τ(Σg × Σh) = 0.
On the other hand, as an interesting special case of Theorem I, we obtain
Corollary 70 For m = 1, 2, 3, let Xm be a simply connected symplectic
4-manifold with b+(Xm) ≡ 3 (mod 4). Consider a connected sum M :=
(#nm=1Xm)#k(Σh × Σg)#ℓ1(S1 × S3)#ℓ2CP 2, where n, k ≥ 1 satisfying
n + k ≤ 3, ℓ1, ℓ2 ≥ 0 and g, h are odd integers ≥ 1. Then M cannot admit
any Einstein metric if
4(m+ ℓ1 + k) + ℓ2 ≥ 1
3
( n∑
m=1
2χ(Xm) + 3τ(Xm) + 4k(1 − h)(1 − g)
)
.
Proof. Use Corollary 36 and Theorem I.
On the other hand, we need to recall a construction of a certain sequence
of homotopy K3 surfaces. Let Y0 be a Kummer surface with an elliptic
fibration Y0 → CP 1. Let Yℓ be obtained from Y0 by performing a logarithmic
transformation of order 2ℓ+1 on a non-singular fiber of Y0. It turns out that
the Yℓ are simply connected spin manifolds with b
+(Yℓ) = 3 and b
−(Yℓ) = 19.
By the Freedman classification [15], Yℓ is homeomorphic to K3 surface.
However, Yℓ is a Ka¨hler surface with b
+(Yℓ) > 1 and hence a result of Witten
[78] tells us that ±c1(Yℓ) are monopole classes for each ℓ. We have c1(Yℓ) =
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2ℓf, where f is Poincare´ dual to the multiple fiber which is introduced by the
logarithmic transformation. See also [3].
We are now in a position to prove
Theorem 71 There exist infinitely many closed topological spin 4-
manifolds satisfying the following three properties:
• Each 4-manifold M has non-trivial simplicial volume, i.e., ||M || 6= 0.
• Each 4-manifold M satisfies the strict Gromov-Hitchin-Thorpe in-
equality, i.e.,
2χ(M) − 3|τ(M)| > 1
81π2
||M ||.
• Each 4-manifold M is admits infinitely many distinct smooth struc-
tures for which no compatible Einstein metric exists.
Proof. First of all, take any pair (m,n) of positive integers satisfying 4m+
2n − 1 ≡ 3 (mod 4), m ≥ 2 and n ≥ 1. For any pair (g, h) of odd integers
which are greater than and equal to 3, if necessarily, by taking another pair
(m,n) of large positive integers satisfying 4m+2n− 1 ≡ 3 (mod 4), we are
always able to find at east one positive integer ℓ1 satisfying the following
three inequalities
2n+
(
1− 4c4
81π2
)
(g − 1)(h− 1)− 3 > ℓ1. (69)
2(n + 12m) +
(
1− 4c4
81π2
)
(g − 1)(h − 1) + 21 > ℓ1. (70)
ℓ1 ≥ 1
3
(
2n + (g − 1)(h− 1)
)
− 3, (71)
where c4 is the universal constant appeared in Lemma 69. Notice that
the inequality (69) implies the inequality (70), and note also that we have
infinitely many choices of such pair (m,n) and, hence, of ℓ1.
On the other hand, let us recall that Gompf [23] showed that, for ar-
bitrary integers α ≥ 2 and β ≥ 0, one can construct a simply connected
symplectic spin 4-manifold Xα,β satisfying(
χ(Xα,β), τ(Xα,β)
)
=
(
24α + 4β,−16α
)
(72)
64
Notice also that this implies
b+(Xα,β) = 4α+ 2β − 1, (73)
2χ(Xα,β) + 3τ(Xα,β) = 8β, (74)
2χ(Xα,β)− 3τ(Xα,β) = 8(12α + β). (75)
Now, as was already observed in the above, for any pair (g, h) of odd integers
which are greater than and equal to 3, we can find infinitely many pairs
(m,n) satisfying 4m + 2n − 1 ≡ 3 (mod 4) and also can find at least one
positive integer ℓ1 satisfying inequalities (69), (70) and (71). For each such
five integers (m,n, g, h, ℓ1) and for each new integer ℓ ≥ 0, consider the
following connected sum:
M(m,n, ℓ, g, h, ℓ1) := Xm,n#Yℓ#(Σg × Σh)#ℓ1(S1 × S3),
where Yℓ is obtained from Y0 by performing a logarithmic transformation of
order 2ℓ+1 on a non-singular fiber of Y0. Note that we have b1(Xm,n) = 0,
b+(Xm,n) = 4m+ 2n− 1 ≡ 3 (mod 4), b1(Yℓ) = 0 and b+(Yℓ) = 3. Each of
these smooth oriented smooth 4-manifolds is homeomorphic to the following
spin 4-manifold:
Xm,n#K3#(Σg × Σh)#ℓ1(S1 × S3). (76)
For any fixed (m,n, g, h, ℓ1), the sequence {M(m,n, ℓ, g, h, ℓ1) | ℓ ∈ N} con-
tains infinitely many distinct diffeotype. There are two essentially same
way to see this. One can use the bandwidth argument developed in [27, 28]
to see this. Alternatively, one can also see this more directly by using
only the finiteness property (see Proposition 44) of the set of monopole
classes (cf. [34, 35]). Moreover, each of these smooth oriented smooth 4-
manifolds cannot admit any Einstein metric as follows. First of all, notice
that Corollary 70 tells us that, for any fixed (m,n, ℓ, g, h, ℓ1), each 4-manifold
M(m,n, ℓ, g, h, ℓ1) cannot admit any Einstein metric if
4(2 + ℓ1 + 1) ≥ 1
3
(
2χ(Xm,n) + 3τ(Xm,n) + 2χ(Yℓ) + 3τ(Yℓ) + 4(1− h)(1 − g)
)
,
equivalently,
ℓ1 + 3 ≥ 1
12
(
8n+ 4(1 − h)(1 − g)
)
,
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where we used 2χ(Xm,n)+3τ(Xm,n) = 8n (see (74)) and 2χ(Yℓ)+3τ(Yℓ) = 0.
The last inequality is nothing but the inequality (71) above. Hence, for any
fixed (m,n, ℓ, g, h, ℓ1), each 4-manifold M(m,n, ℓ, g, h, ℓ1) cannot admit any
Einstein metric as desired. Hence each of topological spin manifolds (76)
admits infinitely many distinct smooth structures for which no compatible
Einstein metric exists.
In what follows, we shall prove that eachM of topological spin manifolds
(76) has non-zero simplicial volume and satisfies the strict Gromov-Hitchin-
Thorpe inequality. In fact, by the bound (68), we have the following bound
on the simplicial volume of M :
0 <
16c−14
81π2
(g − 1)(h − 1) ≤ 1
81π2
||M || ≤ 16c4
81π2
(g − 1)(h − 1). (77)
In particular, ||M || 6= 0 holds. On the other hand, we have
2χ(M) + 3τ(M) = 8n + 4(g − 1)(h − 1)− 4(3 + ℓ1), (78)
2χ(M) − 3τ(M) = 8(12m + n) + 96 + 4(g − 1)(h − 1)− 4(3 + ℓ1), (79)
where see the final formulas in Lemma 69 and notice that, for a K3 surface,
we have 2χ+ 3τ = 0 and 2χ− 3τ = 96.
Now, by multiplying both sides of (69) by 4, we have
8n+
(
4− 16c4
81π2
)
(g − 1)(h− 1) > 4(ℓ1 + 3).
Equivalently,
8n + 4(g − 1)(h − 1)− 4(ℓ1 + 3) > 16c4
81π2
(g − 1)(h − 1).
This inequality, (77) and (78) imply
2χ(M) + 3τ(M) >
1
81π2
||M ||.
Similarly, by multiplying both sides of (70) by 4, we get
8(12m + n) +
(
4− 16c4
81π2
)
(g − 1)(h − 1) + 84 > 4ℓ1.
Namely we have
8(12m + n) + 96 + 4(g − 1)(h − 1)− 4(3 + ℓ1) > 16c4
81π2
(g − 1)(h− 1).
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This inequality, (77) and (79) tells us that the following holds:
2χ(M)− 3τ(M) > 1
81π2
||M ||.
Therefore, the spin 4-manifoldM satisfies the strict Gromov-Hitchin-Thorpe
inequality as desired:
2χ(M)− 3|τ(M)| > 1
81π2
||M ||.
Hence, the spin 4-manifold M has the desired properties. Because we have
an infinitely many choice of the above integers (g, h,m, n, ℓ1), we are able to
conclude that there exist infinitely many closed topological spin 4-manifolds
with desired properties as promised.
Similarly, we have
Theorem 72 There exist infinitely many closed topological non-spin 4-
manifolds and each of these 4-manifolds satisfies the three properties in The-
orem 71.
Proof. The proof is similar to the spin case. In fact, instead of the above
connected sum, consider the following connected sum
Xm,n#Yℓ#(Σh × Σg)#ℓ2CP 2.
Notice that these 4-manifolds are non-spin whenever ℓ2 ≥ 1. For complete-
ness, let us include the proof of this theorem. As the case of spin, take again
any pair (m,n) of positive integers satisfying 4m + 2n − 1 ≡ 3 (mod 4),
m ≥ 2 and n ≥ 1. For any pair (g, h) of odd integers which are greater than
and equal to 3, if necessarily, by taking another pair (m,n) of large positive
integers satisfying 4m+ 2n − 1 ≡ 3 (mod 4), we are always able to find at
east one positive integer ℓ2 satisfying the following three inequalities
8n + 4
(
1− 4c4
81π2
)
(g − 1)(h− 1)− 12 > ℓ2. (80)
8(n + 12m) + 4
(
1− 4c4
81π2
)
(g − 1)(h − 1) + 84 > −5ℓ2. (81)
ℓ2 ≥ 1
3
(
8n+ 4(g − 1)(h− 1)
)
− 12, (82)
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where c4 is again the universal constant appeared in Lemma 69. Notice that
we have infinitely many choices of such pair (m,n) and of ℓ2.
On the other hand, as was already used in the proof of Theorem 71, the
construction of Gompf [23] enables us to construct, for arbitrary integers
α ≥ 2 and β ≥ 0, a simply connected symplectic spin 4-manifold Xα,β
satisfying (72), (73), (74) and (75).
As was already observed above, for any pair (g, h) of odd integers which
are greater than and equal to 3, we are able to find infinitely many pairs
(m,n) satisfying 4m + 2n − 1 ≡ 3 (mod 4) and also can find at least one
positive integer ℓ2 satisfying inequalities (80), (81) and (82). For each such
five integers (m,n, g, h, ℓ2) and for each new integer ℓ ≥ 0, consider the
following:
N(m,n, ℓ, g, h, ℓ2) := Xm,n#Yℓ#(Σg × Σh)#ℓ2CP 2,
where Yℓ is again obtained from Y0 by performing a logarithmic transforma-
tion of order 2ℓ + 1 on a non-singular fiber of Y0. We have b1(Xm,n) = 0,
b+(Xm,n) = 4m+ 2n− 1 ≡ 3 (mod 4), b1(Yℓ) = 0 and b+(Yℓ) = 3. Each of
these smooth oriented smooth 4-manifolds is homeomorphic to the following
non-spin 4-manifold:
Xm,n#K3#(Σg × Σh)#ℓ2CP 2. (83)
For any fixed (m,n, g, h, ℓ1), again, the sequence {N(m,n, ℓ, g, h, ℓ2) | ℓ ∈ N}
contains infinitely many distinct diffeotype. Moreover, we can also see that
each of these smooth oriented smooth 4-manifolds cannot admit any Einstein
metric. In fact, Corollary 70 tells us that, for any fixed (m,n, ℓ, g, h, ℓ2), each
4-manifold N(m,n, ℓ, g, h, ℓ2) cannot admit any Einstein metric if
4(2 + 0 + 1) + ℓ2 ≥ 1
3
(
2χ(Xm,n) + 3τ(Xm,n) + 2χ(Yℓ) + 3τ(Yℓ) + 4(1 − h)(1 − g)
)
,
equivalently,
ℓ1 + 12 ≥ 1
12
(
8n+ 4(1− h)(1 − g)
)
,
where notice again that we have 2χ(Xm,n) + 3τ(Xm,n) = 8n and 2χ(Yℓ) +
3τ(Yℓ) = 0. This inequality is nothing but the inequality (82) above. Hence,
for any fixed (m,n, ℓ, g, h, ℓ2), each 4-manifold N(m,n, ℓ, g, h, ℓ2) cannot ad-
mit any Einstein metric as desired. Hence each of topological non-spin
manifolds (83) admits infinitely many distinct smooth structures for which
no compatible Einstein metric exists.
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Finally, we shall prove that each N of topological spin manifolds (83) has
non-zero simplicial volume and satisfies the strict Gromov-Hitchin-Thorpe
inequality. As the case of spin, we have
0 <
16c−14
81π2
(g − 1)(h− 1) ≤ 1
81π2
||N || ≤ 16c4
81π2
(g − 1)(h − 1). (84)
In particular, ||N || 6= 0 holds. On the other hand, we get
2χ(N) + 3τ(N) = 8n+ 4(g − 1)(h − 1)− 12− ℓ2, (85)
2χ(M)− 3τ(M) = 8(12m+ n) + 84 + 4(g − 1)(h − 1) + 5ℓ2, (86)
where we used the final formulas in Lemma 69.
Now, inequality (80) is equivalent to
8n+ 4(g − 1)(h − 1)− 12− ℓ2 > 16c4
81π2
(g − 1)(h − 1).
This inequality, (84) and (85) imply
2χ(N) + 3τ(N) >
1
81π2
||N ||.
Similarly, inequality (81) can be rewritten as
8(12m+ n) + 4(g − 1)(h − 1) + 84 + 5ℓ2 > 16c4
81π2
(g − 1)(h − 1).
This inequality, (84) and (86) implies
2χ(N)− 3τ(N) > 1
81π2
||N ||.
Thus, the non-spin 4-manifold N satisfies the strict Gromov-Hitchin-Thorpe
inequality as desired:
2χ(N) − 3|τ(N)| > 1
81π2
||N ||.
Therefore, the non-spin 4-manifold N has the desired properties. Since we
have an infinitely many choice of the above integers (g, h,m, n, ℓ2), we are
able to conclude that there exist infinitely many closed topological non-spin
4-manifolds with desired properties.
It is now clear that Theorem F mentioned in Introduction follows from
Theorems 71 and 72.
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Remark 73 It is known that the right-hand side of Gromov-Hitchin-
Thorpe inequality (5) can be replaced by the volume entropy (or asymp-
totic volume) [34]. For the reader’s convenience, let us here recall briefly the
definition of the volume entropy (or asymptotic volume) of a Riemannian
manifold. Let X be a closed oriented Riemannian manifold with smooth
metric g, and let M˜ be its universal cover with the induced metric g˜. For
each x˜ ∈ M˜ , let V (x˜, R) be the volume of the ball with the center x˜ and
radius R. We set
λ(X, g) := lim
R→+∞
1
R
log V (x˜, R).
Thanks to work of Manning [53], it turns out that this limit exists and is
independent of the choice of x˜. We call λ(X, g) the volume entropy of the
metric g and define the volume entropy of X to be
λ(X) := inf
g∈R1
X
λ(X, g),
where R1X means the set of all Riemannian metrics g with V (X, g) = 1. It
is known that the volume entropy can only be positive for manifolds with
fundamental groups of exponential growth [54]. Now, it is known that any
closed Einstein 4-manifold X must satisfy the following bound [34]:
2χ(X) − 3|τ(X)| ≥ 1
54π2
λ(X)4, (87)
where equality can occur if and only if every Einstein metric on X is flat,
is a non-flat Calabi-Yau metric, or is a metric of constant negative sectional
curvature. The inequality (87) is stronger than the inequality (5). Notice
that the connected sums appeared in Theorems 71 and 72 have non-zero
volume entropy because we have the following inequality [24, 62] which holds
for any closed manifold X of dimension n:
1
cnn!
||X|| ≤ [λ(X)]n,
where cn is the universal constant depends only on n. It is natural to ask
if Theorem F still holds for the inequality (87). To prove such a result, we
need to compute the value of the volume entropy of connected sums or to
give an upper bound like Lemma 69 above. To the best of our knowledge,
there is no literature which discusses such a subject. If we could prove such
a result, Theorem F can be easily generalized to the case of volume entropy.
In the present article, we could not pursue this point. We hope to return
this issue in near future.
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5 Concluding remarks
In the present article, we have proved a new non-vanishing theorem of stable
cohomotopy Seiberg-Witten invariants and have given several applications
of the non-vanishing theorem to geometry of 4-manifolds. As was already
mentioned in Introduction, our non-vanishing theorem, i.e.,Theorem A, in-
cludes Bauer’s non-vanishing theorem as a special case except the case of
four connected sums. Moreover, we showed that Conjecture 2 in the case
where ℓ = 2 is true. Based on Theorem A, Theorem B and Corollary 4, it is
so natural to propose the following including Conjecture 2 in the case where
ℓ = 3 as a special case:
Conjecture 74 For i = 1, 2, 3, 4, let Xi be are almost complex 4-manifolds
with b+(Xi) > 1, b1(Xi) 6= 0, SWX(ΓX) ≡ 1 (mod 2), and satisfying both
conditions (1) and (2). Then a connected sumX := #4i=1Xi has a non-trivial
stable cohomotopy Seiberg-Witten invariant.
Notice that, if one drop the condition that b1(Xi) 6= 0 in the above, the
claim is not true because the conclusion contradicts Bauer’s non-vanishing
theorem. Unfortunately, the method developed in the present article cannot
be used to explore the above conjecture because the spin cobordism Seiberg-
Witten invariant must vanish for the connected sum X := #4i=1Xi. See
Remark 27 above. Hence, in order to attack the above conjecture, we need
to develop a completely new method. We hope to return this issue in some
day. It is also interesting to ask, in the case where b1(Xi) 6= 0, if there
is an integer n ≥ 5 such that the connected sum #ni=1Xi has a non-trivial
stable cohomotopy Seiberg-Witten invariant. This is also completely open.
We remark that, for any closed 4-manifold X with b+(X) ≥ 1 and b1(X) =
0, there is some large integer N such that, for any n ≥ N , the n-fold
connected sum of X with itself, has a trivial stable cohomotopy Seiberg-
Witten invariant. See [19] for more detail.
On the other hand, it is not so easy, at least for the present authors,
to find examples of almost complex 4-manifold with b+ ≥ 2, b1 6= 0,
SWXi(ΓXi) ≡ 1 (mod 2) and satisfying both (1) and (2), where ΓXi is a
spinc structure compatible with the almost complex structure. In Theorem
35 above, we saw that the product Σg × Σh with g, h odd and primary
Kodaira surface are such examples. We have the following problem:
Problem 75 Find another example of almost complex 4-manifold X with
b+(X) ≥ 2, b1(X) 6= 0, SWX(ΓX) ≡ 1 (mod 2) and satisfying both (1) and
(2).
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On the other hand, Okonek and Teleman [60] introduces a new class of the
stable cohomotopy Seiberg-Witten invariant, which has clear factorial prop-
erties with respect to diffeomorphism of 4-manifolds. In particular, for any
closed 4-manifold with b+(X) ≥ 2 and b1(X) = 0, the invariant of Okonek
and Teleman is equivalent to the stable cohomotopy Seiberg-Witten invari-
ant BFX due to Bauer and Furuta [4]. However, it seems that the invariant
of Okonek and Teleman is finer than the stable cohomotopy Seiberg-Witten
invariant in general. Among other things, in [60], Okonek and Teleman clar-
ifies a relationship between the new invariant and a variant of the original
Seiberg-Witten invariant SWX , which is called full Seiberg-Witten invariant
[59]. On the other hand, in Theorem 19 proved in subsection 2.5 above, we
established a natural commutative diagram among BFX , ŜW
spin
X and SWX .
In light of these results, there should exist an analogue of Theorem 19 in
the context of Okonek and Teleman [60]. We also hope to return this issue
in a further research.
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